Complex Number

Il Exercise-1
= Marked questions are recommended for Revision.

» e 799 M IFT 9 B

PART - | : SUBJECTIVE QUESTIONS

q1 - | ; fA9ATHP 999 (SUBJECTIVE QUESTIONS)

Section (A) : Algebra of Complex Numbers and Its Representation and

Demoivre’s Theorem
T vg (A) : Gfs HEmRi a1

MR 3R g@T AU iR TH™SR WY

A-1.  Find the real values of x and y for which the following equation is satisfied :

X TN y & aR<fas q9 Fd B e oy fr=ferRea it 9 et 23—

(i) (1+i)x—2i+(2—3i)y+i _
3+i 3-i
(i) LS =5+6i
1+2i  3+2 8i-1

(iii) (2+3i)x2—(3—
(iv) 4x2 + 3xy + (2xy

Ans. (i) 3, -1

2i) y =2x — 3y + 5i
— 3x2) i = 4y?2 — (x?/2) + (3xy — 2y?) i

(ii) x=1and (q2m) y = 2;

(iii) (1,1)(0,%] (iv) x=K,y=% ,KeR
Sol. (i) (1+2:i—2i @ (2—33?iy+i i :>(1+i)(3—i)x—6i—29++(113+i)(2—3i)y+3i—1 i
= (4x +9y —3) +i(2x =7y — 3) = 10i
= 4x+9y-3=0 - (1)
2x—-7y—13=0 - (2)

On solving we get (8 &R+ W)
x=3 &A1 y=-1

2)) _(5+6i)(8i+1) _46i—43

x(1—2i)+ y(3—
5 13
x 3y 43

_+_ —_

5 13 65

(i)

—65 —65
9,1'r+2—x+ﬂ:+ﬂ = x=1 & y=2
5 13 65

(iii) 2x2 — 3y = 2x — 3y = x=0 orar 1
and T 3x2 + 2y =5

. 5
if x=0 = =
= y >
x=1 = y=1
2
(iv) 4x2 + 3xy = 4y? — X? &1 2xy — 3x? = 3xy — 2y?

= (Bx—2y) Bx + 4

y)=0 &1 (x+y)(2y—-3x)=0
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Complex Number “_

for both equation Hi |AHI&RTT & foIg 3x -2y =0
so if sAfely Ifd x =k y=32—kvkeR.

A2 . Letz= 120k
1—(sin0)i
(i) Find the number of values of 8<[0, 4x] such that z is purely imaginary.
(ii) Find the sum of all values of 6<[0, 4x] such that z is purely real.
. 1+2(§|n6?l
1—(sin0)i
(i) 0 € [0, 4n] & AHI B F@ TG BN FEfB z 9T ([(Agg) FTatqs 2l
(ii) 0 € [0, 4n] & TN AFI BT ANHA G DY z AF IS @ |
Ans. ()8 (i) 10z
1-2sin® @ + 3sinbi
Sol. z-= s
1+sin“6
(i) For purely imaginary, 1-2 sin?6 = 0 = c0s20 =0
=20 = E, 3—“ ....@:9 = E, 3_1'c 51,....@:8values of 0
2 2 2 4 4 4 4
(i) For purely real, 3 sin 6 =0
=0 =0, n, 2%, 31, 41 = sum of all values of 6 equal to 10n
. 2 . .
Hindi. z - 1-2sin Q+23s,me|
1+sin“6
(i) fagg sred@ @ forg, 1-2sin20=0 = c0s26 =0
=20 = E, 3—“ ....@:e = E, S—TE 5—n,....1238values of 0
2 2 2 4 4 4 4
(ii) fagre ardfd® & fofg, 3sin6 =0
=0=0, 71,21, 371, 41 = 0D T A BT IFHA 107
A-3 (i) Find the real values of x and y for which z, = 9y2 — 4 — 10ix and z, = 8y? — 20i are conjugate
complex of each other.
(ii) Find the value of x* —x3 + x2 + 3x = 5if x =2 + 3i _
(i) X T y & RIS A DI A Do oS g 2, = 9y2 — 4 — 10ix T z, = 8y2 — 20i U A
@\l afas |
(ii) AT x =2+ 3i, T x4 —x3 + x2 + 3x — 5 BT A A DI |
Ans. (i) (-2, 2); (-2, -2)] (i) — (77 +1081i)
Sol. (i) Z,=2, = 9y2 — 4 + 10ix = 8y? — 20i = y2=4
= y=%2 X=-2

Q ® | Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
/\ esonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow 55 Free : 1800 258 5555 | CIN: US0302RJ2007PLC024029




Complex Number “_

(i) = X=x+x2+3x-5 =(2+3i)*-(2+3i)*+ (2 +3i)2+3(2+3i)—5=- (77 + 108i)
A-4. Find

(i) the square root of 7 + 24 i (i) fi+v=

iG]

(i) 7 + 24 i &1 A (i) i+
Ans. () +(4+3i)  (i)++2 +Oior (&M 0 £2 i
Sol. (i) Square root of 7 + 2i &1 A =+ {\/25;7 +i\/252_7 } = (4 + 3i)

where S&fd |7 + 24 i| = 25
(ii) ﬁ+ﬁ=:{i+li] + i[———i] S+ 2 ot 2
NN
=+2 or + 2]

A-5.  Solve the following for z :
z @ forg fA=feaRaa &1 ga HIfvTg -
72— (3-2i)z=(5i-5)
Ans. z=(2+1i)or (3 (1-3i)
Sol. z2—(3-2i)z+(5-5i)=0
L (3-2)+{(3-22—4(5-5) (3—2)+J=15+8 _ (3—2i)=(1+4i)

2 2 2
=2+i or 1-3i

A-6.  Simplify and express the result in the form of a + bi :

f=ferRad @1 TRd HIRTT 3R IR BT a + bi d wU § ad HITT |

. , , . (4R i)
(i) —i(9+6i)(2-1i) (ii) T
1 : A
W Gcese)r2isne V) (VB +i)e ¢
0
—cot—
Ans. () 2 -120 )34 (i) 1 +i 2_ ()2
5 3 2(1+30032j 1+3cos?
sol. )  CO9+O@+) 21 _12i
5 5 5
) (—5i(1—2i)j2 | |
(ii) ———| = (-2-i)2=3+4i
5
0
(1—cos0)—2isin0 1 _COtE .
(iii) > — = 5 + 5 i
(1-cos0)” +4sin”0 2(1+300322j (1+300322j

(iv) (ﬁﬂ)eils — 2e6e 6_2g0 _o
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Complex Number

A-7.

Ans.
Sol.

Convert the following complex numbers in Eulers form

1 affasr dxemet &1 eIek wu # uRafidd sifstu—

()z=-n (ii) z = 5i (iiyz=— 31 (iv)z=—-2 (cosgﬂsing]
ir —i@ ,iﬂ

(i) me= (ii) 5e2 (i) 2¢ & ¢ (iv) 26 5

(i) |-n|=n

amp(-m)=n =

Z=—71 = 1e"

(ii) |5i] = 5 & arg(5i) = /2 —  5i="5gn

5

(i) 2] = |3 —i| =2and arg (3 -i) = ~5n/6 - B-i=2¢ 6

(iv) |z| = 2 and arg(z) = -

(r — n/5) = — 4n/5 = 7 = Dg-i4u5

Find the modulus, argument and the principal argument of the complex numbers.

frfaRaa affas F=mRil & A1ie, BIvie g IS Bl G A1 F1d DI |

18n

(i) z=1+ cos128—STC +isin — (i) z = -2 (cos 30° + i sin 30°)

(i) (tan1—i)2

25
i—1

. 27 . 27
i|1-cos— [+sin—
( S J S

(iv)

Ans. (i) |z| =2 cosg—TE Principal Arg z =9—TE ,arg z =9—Tc + 2k, k eI
25 25 25

Modulus = 2, Arg = 2kn —% , k €1, Principal Arg = —

57

Modulus = sec?1, arg = 2kr + (2 — =), Principal Arg = (2 — «)

Modulus = 1 cosec =, arg z = 2km + m Principal Arg = —
5 20 20

2

11n

|z| =2cos %ﬂ@‘qﬂiﬁwﬁﬁ 2= 9% oy 2= IF 4 okm ke 1
25 25 25

q7d = 2, chicb:an—%TE, kel, /& AF HIMH = ——

5n
6

AYT® = sec?1, BINH = 2kn + (2 — 1), I A9 DD = (2 — 1)

A = cosecg,aﬁﬂﬂ’cﬁz=2kn+ — , = AN BIH = ——

N

187
i

11n 11n

20’ 20

i9n i 9n

18n i9n |, 9m O Tl
(i) z7=14+e2 —¢g2% {e %5 1e 25} = z=2003[2—gj e(ZSJ

|z| = 2cos 9n Arg z =9—7T
25 25
. _ oain Ain/6 o —i51/6 _ __om
(i) z=2e"e" " =2e = |zl =2 Argz= 5

(iiiy |z]= (\/1+tan21)2 = sec?1

Arg z = 2 Arg(tan 1 —i)=2(1—gj =2-1

I\
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Complex Number “_

(iv), z= (i=1) ; lz| = —= = 3 cosec [g)

ZSinizMzJ:js(zH 2sn( ) 2

Arg(z) = n-E_T 1n
9@ ="-2-5 %o

A-9.=  Dividing polynomial f(z) by z — i, we get the remainder i and dividing it by z + i, we get the remainder
1 + i. Find the remainder upon the division of f(z) by z2 + 1.

i 9gU< f(z) DT z— i W fAMIRIG = TR ATHS | YT BN & A W z + i W AT A W A9HA 1
+1 U BT B, @1 f(2) BT 22+ 1 9 AT &= W= A9ha Sa By |

Ans. 2 + l + i
2 2
Sol.  Remainder is of form az + b az+b & ©U BT AV
ai+b=i
—ai+b=1+i
1 i
b=— +i a=—
2 2
Remainder = — z+l+i AYPA = ~ 2 +—+]
2 2 2
A-10. If (/3 +i)'® = 2% (a + ib), then find
e (B +10)1% = 2% (a + ib) T S BIRTRI—
(i) @ + b? (i) b
Ans. ()4 (i) VB
Sol. (i) (B +)'%° =2%@+ib) = (3 +i)'% =29 (a—ib) = 2200 = 219 (a2 4 b?) = a? + b2 = 4
(iii) (e76)100 = a‘;'b — @it _ a';'b = =1 +2‘/§' — a;'b -~ b= \E

A-11. If nis a positive integer, prove the following

afe n oIS quite § a1 Fefalad &1 g Siv—

(i) (1 +cosB+isinB)"+ (1 +cos6O—isinb)=2"+1 cos"% cos% .
E-¢—1 nmn
(i) A+i)+(1=-in=22 cosT

. i o) i 0 0 no
Sol. (1+e%"+(1+e®)"=e22 "cos" 5 re 2 2" cos" 5| = 2" cos” > 2c0s —
=2"+1 cos" o Ccos no
2 2
. LN I ELLA L2 L nm
(i) 22 |le4 +e 4| =22 cos "

icot0+1
icotd—1

m
A-12.= Show that e?m ( J =1(m e 2).

icoto+1)"
gl f eem | ———— | =1 (m e 2).
icoto—1
Sol. Let AT cot' p = 6. Then cot 6 = p. Now 374,
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Complex Number “_

LHS. - geno (icoteﬂjm _eiZmG[i(cote—i)}m _eim(cote—ijm

icoto—1 i(coto +i) coto +i
. m _ip \™
= gi2mo cosf - !s!ne = giemo € _I = gi2mo (g-i20)m
cos0 +isin0 e"

— e|2m9 e—|2m9 eO — 1 R H S

N N in
i— In§+§z ...... 0 =
Sol. x=e3 = Xy Xy Xy oo o= e = 62 =i

Section (B) : Argument / Modulus / Conjugate Properties and Triangle Inequality

QvE (B) : PIVN®, AMUI®, W IR iR By srafie

B-1. Ifz=x+iyis a complex number such that z = (a + ib)? then
A z = x + iy UH AMS A& 39 UBR & fh z=(a+ib)2 @
(i) find z, Z=d WX
(i) show that x2 + y2 = (a2 + b?)? GUIZY & x2 + y2 = (a2 + b?)?
Ans. (i) (a—ib)?
Sol. z=x+iy=(a+ib)? ? Z=(a—ib)® =x—iy ; 7Z =x? +y? =(a® +b?)?

B-2. If z, and z, are conjugate to each other, then find arg (-z,z,).
e 2, 3R 2, TPh SR & FYHI B T4 arg (—z,z,) AT I |

Ans. =

Sol.  z, and z, are conjugate to each other, i.e., z, = z,. Therefore,

arg (-z,z,) = arg (-z, ;) = arg (—|z,]?) = arg (negative real number) =

2, 3R 2, UH T & AT § AAN 2, =

arg (-z,z,) =arg(-z,z)
=arg (-z,)
= arg (VTS dIKilde G (negative real number))
=T
B-3. If z (# — 1) is a complex number such that il _1 is purely imaginary, then find |z|
Z+

aﬁz(—nwﬂﬁwmgﬂwﬁ% ﬁg@aﬂwﬁ—cﬁéaﬂawwé—

Ans. 1
z—-1 . 1+iA
Z=

Sol. —— =i, Areal = , = |z| = 1
z+1 1=

Hindi. 221 =i, ) i @ = 1+i 2] = 1
z+1 1-A
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Complex Number “_

B-4. If|z-2|=2|z- 1|, where z is a complex number, prove |z|2=% Re (z) using

(i) polar form of z, (i) z = x + iy, (iii) modulus, conjugate properties
I |z-2| =2z 1|, 58l z & A F&1 &, @ Rig s |z|2=% Re (2)

(i) z T gdg wU YA D

(i) z = x + iy, 5N BB

(iii) #AT9TP, T B JUIEH TAFT PD
Sol. |z-2|=2]z-1]|

(i) Z =r(cos6 + i sinb)
[r(cosq + i sinB) — 2| = 2|r(cosO + i sin) — 1|
(r cosB — 2)? + r2 sin?0 = 4 [(r cosd — 1)? + r? sin?6]
r2 cos?0 + 4 — 4r cos0 + r? sin?0 = 4r>cos20 — 8 rcoso + 4 + 4r>sin?0
4 r cos6 = 3r?

4
— (rcos0) = r?
3( )

4
— Re(z) = |z?
5 e =

(i) X +iy =2| =2|x + iy — 1|
(X=2P+y?=4[(x=1)* +y?)]
4x = 3(x? + y?)

4
—X=X2+Y?
3 y
4

—Re(z) = |z[?
3 (2) = |z|

(i) (z-2) (z=-2)=4(z-1N(z-1)
zz+4-2[z+z)=4[zz+1—(z+Z)]
3zz=2(z+2)

4
|z |2=§Re(2)

B-5.  For any two complex numbers z,, z, and any two real numbers a, b show that
laz, —bz,|? + bz, + az,]> = (a% + b?) (|z,? + |2,
| RS G z, z, 91 QT IREIdD AN a, b &, A1 YaRia I b
laz, — bz,]> + |bz, + az,|> = (a2 + b?) (|z,? + |Z,]?)
Sol. |az, —Dbz,? + bz, + az,?
= (az, —bz,) (az; -bz,) + (bz, +az,) (bz;+az,) (- a,beR)
=a? |z, + b?z,|? +b?|z,]2 + @2 |z,[?
= (@ +b?) (|2, + |z,I")

1-2,2,

B-6.= If z, and z, are two complex numbers such that |z,| < 1 < |z,| then prove that

12212 < 1.

Ife z, 3R z, q1 GRS G 39 UBR 8 1$ |z,| <1< [z,|, B 79 FHg I fH

212y
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Complex Number “_

Sol. Let [ =22l o [1-zZ|<lz-2|
Z1-2
= (1-2,2,)(1-212, ) <(2,-2,) (2, -2y) > 1+1z,P|z,P—-z,P-1z,)*< 0
= (1 =1z, + (Iz,P=1) |z,f <0 = (1-1z,) (1 =1z,P) <0
which is true because of |z,| <1<z, .
Hindi 1222 4o 1-2,7,1<lz,- 2|
Z1=2p
= (1-2,2,) (1= 212,) <(2,-2) (2, -2Zy) = 1+|z2|z,P-1z,P= 2,2 <0

= [z,P) + |z, = 1) [z,* < 0 = (1=1zP) (1 =1z, <0

(
S 6 |9 & e |z, <1 <z,

U

2% then find Re(a).

B-7. Ifk>0,[z]=|w|=kanda =
k2

+zZW
AR k>0, |z = |w| =K Tl o= —=—— 74 Re(a) =1d BRI
k= +zw
Ans. 0
Sol. o - R
k= +zw zw +k
But @ifd zZ=ww = k2. hence 3Ta:
KoKk
- G- W __ Y2 __4 —~  a+d =0 —~  Re(0)=0
K2 k®k®  zw+k
zZw
. Z+i . ;
B-8. (i) If w= —— is purely real then find arg z.
zZ—i

ﬁw:i—jﬁg@mﬁm%aﬂargzwwaﬁaﬂm—

(i) fw =25 ;“ is purely imaginary then find |z + 3i|.
Z+2i

Ifg w = Z+4i fI3[€ FTu™® 8 T4 |z + 3i| BT AF MG BIfoTg—

Z+2i

Ans. (i) ig (ii) 1

Sol. (i) 2R 27l i Fiviz—1= 7Z-iZ-iz-1=2i(z+Z)=0 = 2+ Z =0
z—i  z+i
= z is purely imaginary = arg z = i%
zﬁg@m@ﬁm%:argz:tg
o Z+4i Z—4i = o : =
(i) -+ ——=0 = |zP+4zi-2iz+8+|zP—4iz+2iz +8=0
z+2i z-2i
= zz +3iz -3iz+8=0 = (z+3i)( z-3i) =1 = |z + 3i| =1

B-9.» Ifa=e*,b=e® c=e" andcos a+cosp +cosy=0=sina +sinp + sin vy, then prove the following
afd a=e,b=eP c=e" 3R cosa+cosP+cosy=0=sina+sinp +siny, @ F=falRaa a1 Rig

(i) a+b+c=0 (ii) ab+bc+ca=0
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Complex Number “_

(iii) a2+b2+c?2=0 (iv) > cos 20 = 0 = X sin 2a
Sol. (i) a+ b +c=cosa +isina + cosP + isinp + cosy + isiny
= (cosa + CcOosP + cosy) +i(sina + siny +siny) =0+i0=0
(ii) a+b+c=0 = a+b+c=0
a=1;b=t;e=1
a b c

L.H.S=abc(l+l+lj =abc(@a+b+c) =abc (0) =0
c a b

(iii) Squaring and using
(a2 + b2 +c?+2(ab+bc+ca)=0

(iv) by (iii) = g2io 4 g2P 4 g2 = O
cos2a + isin2a + cos2p + isin2p + cos2y + isin2y =0
= cos2a + cos2p + cos2y =0 and sin2a + sin2P + sin2y =0
Hindi. (i) a + b + ¢ = cosa + isina + cosP + isinf + cosy + isiny = (Cosa + COSP + Cosy) + i (Sina + siny + siny)
=0+i0=0
(i) a+b+c=0 = a+b+c=0
a-'.p-1;c=-1
a b ¢

L.H.S=abc(l+l+lJ =abc(@a+b+c) =abc (0) =0
c a b

(iii) T A W 3R
a2+b2+c2+2@b+bc+ca)=0 = ey 2Py 2= 0 BT YIRT HRA WX
cos2a + isin2a + cos2p + isin2p + cos2y + isin2y = 0
= c0s2a + Cos2P +cos2y =0 3R sin2a + sin2p + sin2y = 0

B-10. If|z—1 +i| + |z + i| = 1 then find range of principle argument of z.

AR |z=1+i[+]z+i|=181 A2z = DIVIH B IR A DITTT—

Ans. argx{—ﬁ,—ﬁ}
2 4

Sol. Locus of z is line segment joining (0, —1) and (1, —1) = arg ze {—g —%}

z,(0,-1)3R (1,-1) = arg z{—g,—ﬂ 1 e areh

(0, -1) (1,-1)

Section (C) : Geometry of Complex Number and Rotation Theorem

@vs (C) : afs dwmeil o sl &k guia wY

C-1. If |z—2+i| =2, then find the greatest and least value of | z|.
I [z-2+i| =2d1 | z| &1 feda 7 =aq a9 TG HRAQ |

Ans. 5+28+5 -2

Sol.
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o min.|z|
c
max.|z|

oC= .5

min.|z| = V5 -2 max. |z| =+/5 +2
Hindi
¢} min.|z|
C
'
oC= 5
A |z = 6 -2 fferepe |z| =/5 +2
C-2.» If |z + 3| < 3 then find minimum and maximum values of
(i) Izl (ii) |z - 1] (iii) |z + 1]
afg |z + 3| < 34 FfeRed &1 =9 Td wg<q A1 Sa DI |
(i) |z (ii) [z —1] (iii) |z + 1]
Ans. (i) 0,6 (i)1,7 (i) 0, 5
7B
. -6\ _— '3 > minlzl H . = . =
Sol (i) ERNZIN\N Min. |z] = 0 & max. |z| = 6
AV,
i =6 — 3] minlzl in. _ — . _ —
(i) _— //\\\ Min. |z—-1|=1&max. |z-1|=7
AV e
(iii) max| 21 7/’%\’\*\ Min. |z+1]=0&max. [z+1|=5
C-3 Interpret the following locus in z € C.
frfaRed 9@l & z € C & AR fdgu A S |
(i) 1<|z-2il <3 (ii) Im (z) > 1
. . z+2 .
(iii) Arg (z—-3—4i) =n/3 (iv) Re(_ j <4 (z =+ 2i)
iz+2
Ans. (i) The region between the concentric circles with centre at (0, 2) & radii 1 and 3
units
A= gl & 9 B 9 9@ = (0, 2) 91 oA 19 33FE B
(ii) The part of the complex plane on or above the line y = 1
AfFs FHAA BT 98 YR ST T y =1 TR I SHD SR 2 |
(iii) a ray emanating from the point (3 + 4i) directed away from the origin & having equation,
BBx-y+4-3y3 =0, x>3
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Complex Number “_

T o St 6 a5 (3 + 4i) & et & o a1 I @ R O & 3R IqHT AHIDRO
3x-y+4-3y3 =0, x>3

(iv) Region outside or on the circle with centre% + 2iand radius%

qam$a%+2iamﬁw%%,a%qﬁ@mmww%a

iy

Sol.

(iii) |
==
() (MJ“ L xeeyexyr2) ., =

(2-y)+ix (2-y)?+x2
= 4x < 4x? + 4(y — 2)? = X2—X+(y—22>0

1Y 1
_ 2 —2) > _
= (x 2] +(y—2) 2

C-4. If O is origin and affixes of P, Q, R are respectively z, iz, z + iz. Locate the points on complex plane. If
APQR = 200 then find
(i) |z| ~ (i) sides of quadrilateral OPRQ
IfE O A fag & 3R P, Q, RPH: 2, iz, z + iz §RT USRIT & 1 g3l &1 A48 F9da W Se0isy |
Ifs APQR =200 @1
(i) |z| (i) =gYST OPRQ &1 oT¢ =Id B |

Ans. (i) |z =20 (i) OP =0Q=PR=QR =20

Sol. iz= zeI 2 Qis obtained by rotating P about origin through an angleg
R(z + iz) represents vertex of parallelogram(square) OPRQ.

R(z +iz)

Q P@)
(iz)

0]

1

= APQR =200 = > |z| |iz] = 200

|z|2 = 400 = |z] = 20
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Complex Number “_

Hindi

Sol.

C-6.

Sol.

Hindi

Also  OP=0Q = PR = QR = side of square =|z| =20
z=ze2, P& gt fadg & wme gﬁwﬁgﬂw—\f@wmwél
R(z + iz) ¥R ag4s (@) OPRQ & ¥ &1 u=fRid o=ar 2|

R(z +iz)

APQR=200 = % || liz| = 200

|z|2 = 400 - |z| = 20
dom OP=0Q=PR=QR=d &l gl
= |z| = 20

The three vertices of a triangle are represented by the complex numbers, 0, z, and z,. If the triangle is
equilateral, then show that z.2 + z,> = z,z, . Further if z, is circumcentre then prove that z? + z,2 = 3z2.
ot & 9 W affas dw@mei 0, z, 3R z, g1 YR 2| Ife Brys w9erg 81 @ S¥isy 6 22+ 22 =
2,2, X z, IRB< 8 I Rig IR 2,2+ 2,2 = 3z2
Z,P=|z,P =1z, - 2P =2z =2,2, =21 —24Z, — 2Z, + Z5Z,

202, + 2425 = 2525 & 2425 + 2425 = 2424

- = - = z,-z2 z
1% _ %
(z,-2) Z,+22,=0 = (z,) z,+zy (z,—-2)=0 = =
2 Z2 =44
2 - 2 _ 2 — 2 2
(z,-2,)%+22,=0 = zy —22,Z, +25 +2Z, =0 = 22 +22=22,
0+z,+z
1+22 2__2 2 _a(s2 52 2__2. 2
z,= ———= 9z, =2§ +25+22z, =3(z§ +25) = 3z5 =27 +25

0 3

Let z, and z, be two roots of the equation z2 + az + b = 0, z being complex. Further, assume that the
origin, z, and z, form an equilateral triangle. Then show that a? = 3b.

A z, AR z, IRV 22 +az+ b =0 & Jd & S8l z U AMFH G=AT & 1 7M1 4o A, z, 3R z,
U HETg Y 991 8, 99 yaRid sifeiy a2 = 3b.

If z,, z, and z, are vertices of an equilateral triangle. Then, z2 + 2,2 + 2,2 = 2,2, + 2,2, + 2,2,

Since, origin, z, and z, are the vertices of an equilateral triangle, then z,2 + 2,2 = 2,z

= (z, +2,)?=32,2, ()

Again z,, z, are the roots of the equation z? +az + b =0,

Then, z,+z,=-a andz,z,=D

On putting these values in Eq. (i), we get

(—a)? = 3b = a? = 3b.

AT 2, 2, A1 z, fHdl waTg e & ¥ 8, 922+ 22+ 22=22,+2,2,+ 2.2,

4fF qafdT, z, 3R 2, TP F9ag Bya & W 8, @1 z2+22=272,

= (z, + 2,)2 =3z,2, (i)
U 2, 2, NIV 22+ az++b =03 qdA 8, T
zZ, +2z,=-a dam z,z,=b

3 BT 7 AR (i) § @ WR
(-a)2 = 3b = a2 = 3b.

I\
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Complex Number “_

C-7. Letz, =10+ 6iandz,=4 + 6i. If zis any complex number such that the argumentof (z-2z,)/(z—-z,) is

n/4, then find the length of arc of the locus.
AMT 2, =10 + 6i T4 2, = 4 + 6i. IQ z BIs AMHY T 39 TBR & & (2 -2,) / (z — 2,) BT DD

/4 B, A Agu & a9 & = Ta s |

T
Ans. 9—
2
Sol.
Let o centre then (AT o @7 &, @9) 21— %= g2 -j = 10 + 6i — o = 4i — 6 — ai
a(1—i)=16 + 2i = a=7+9i
Centre of circle is 7 + 9i radius = 3v/2. Length of arc = rd = 32 «x 3?“
I BT B 7 + 91 3R Broar =32, qon =g =S = 0 = 342 x%”
C-8x» Llet I: Arg - Ay
) ' z+6 T2
I Re[z_s'j =0
z+6
Show that locus of z in I or II lies on x2 + y2 + 6x — 8y = 0. Hence show that locus of z can also be
represented by z 4 + Z_+8' = 0. Further if locus of z is expressed as |z + 3 — 4i| = R, then find R.
z+6 z+6
Gic S Arg[ 2=81) X
zZ+6 2
I Re[Z_S') =0
z+6
SegY 6 131 14 z 31 fagUT x2 + y2 + 6x — 8y = 0 R Ry & 3R 39 UBR Wiz b z F1 5o
Z_Z' +Z_+%' = 0 gRT 1 USRT &R Fhd 8 TJo1 I z BT 45U |z + 3 - 4i| = R ERT & fHan s
zZ+ Z+
2 A1 R 99 91d SRR |
Ans. 5
Sol.  As we know arg(z) = ig = z is purely imaginary = Re(z) =0
Hence 1 = 11
Re(z_§]=0:z X(X+6)+(y—8)y=0 =  x2+y24+6x—8y=0
z+
we know Re(z) = 0 = z+z =0 :>Z_8|+ 28 =0
z+6 z+6
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Complex Number “_

z—8i+2+8i B

z+6 z+6
X2 + y2 + 6x — 8y = 0 is a circle with centre — 3 + 4i, radius 5
: R=5

Hindi. ﬁw%san%ﬁmmiq»(z):ig - z fage sredfe & - Re(z) = 0
31d: 1 = 1I
Re(z_zlj=0:> x(x+6)+(y—8y=0 =  x2+y24+6x—8y=0
Z+
& I @
Re(z) = 0 =~  z+7=0 _JE S _o o 2=8i z+81
zZ+6 z+6 z+6 z+6
X2 +y2+6x—8y=0T® g & RTdT d=% — 3 + 4i 7o B 52|
: R=5

C-9.=Showthatzz + (4 —3i)z + (4 + 3i) Z + 5 =0 represents circle. Hence find centre and radius.
Ans. -4-3i, 25
sy b TR 2Z +(4-3) Z + (4+3)+5=0 TS g Bl Y&RIA AT & | SHD 501 7@ =
A BT |

Sol. zz+az+az+k =0is equation of circle
centre=—a =—4 - 3i
radius = oo —k = \[25-5 = 2,5.

Hindi. zz+az+az+k=0 g &1 FHIBRU
centredqs =—a =—-4 - 3i
radius BT = Joa—k =+25-5 = 2.5.

C-10.» If z; & z, are two complex numbers & if arg z
z1—-2, 2

but|z1 o 22|¢|z1 - 22| then identify the figure
formed by the points represented by 0, z,, z, & z; + Z,.

IfS z, 3R 2, A WY TG B JoT BIUTH

z,+ 2,

=X ww |z1 + 22|¢|z1 —22| g1, @1 g3, z,,
Zy— 2, 2
2, R z, + z, ¥ [T R 1 = |
Ans. arhombous but not a square Y& FHAGHS U= I &I
Sol. |z, + z,| # | z; — z,| = diagonals of parallelogram are not equal.
but z, + 2, 1is 1 z, — z, diagonals are perpendicular so its rhombous.
Hindi. |z, + z,| = | z, — z,| TR T4 & 3P0 T & 2 |
W]z, +2, Lz,—2, AP0 TEEq 2 | I I8 TH AHAGHS © |
Section (D) : Cube root and nt" Root of Unity.
@os (D) : 3PS T Td SHIE HI ndl qA
D-1. If o (# 1) be a cube root of unity and (1 + ©*)" = (1 + ©?)" then find the least positive integral value of n
IS 3PS BT T o (= 1) 81 A (1 + 0*)"= (1 + 0?81, A N BT FATH GAHS Mo 949 & —
Ans. 3
Sol.
Hindi.

2" = (1 + )" = (—o)" = (—w?)" which is true for n = 3 for least positive integer
2 = (1 + o) = ()" = (—?)" S & <JAaH gHd QUi n=3 % foly 9 7 |
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Complex Number “_

D-2.  When the polynomial 5x3 + Mx + N is divided by x2 + x + 1, the remainder is 0. Then find M + N.
9 9gUG 5x3 + Mx + N DI x2 + x + 1, F f3wifora fan < & 99 I9%a 0 & 99 M+ N SRR 2 |

Ans. -5

Sol. letx?+x+1=(X—-0)(X—w?
Now 35+ Mo+ N=0 & 5+4Mo?2+N=0 = M=0,N=-5=M+N=-5
D-3. Showthat(1-o+ @) (1 -0+ o) (1 - "+ @°) ..o to 2n factors = 22

eRRfd BT 5 (1 -0+ 0?) (1 - + 0%) (1 — 0" + ©) wovecee 2n YUETS = 22
Ans. 4"
Sol. (1-0+0®)(1+0*-0) =(-20)(-20°) =4
similarly total we have and terms and each equal to 4
S UHR Hous IR TP 4 S I_ER ¢ |
Ans. = 4"
D-4. Let wis non-real root of x° = 1
A @, X3 = 1 BT JARAAD oA 2—
(i) Ifafd P=o , (n e N)and dn
Q=(>C,+2>C, + ......... )+ (*C,+2C, + ......... Jo + (*C, + 2C, + ......... )o?

then find E
Q
a-eraﬂ A A DITY |
Q
. o © o 1— @2 .
(ii) fP=1- > +T — g upto o« terms and Q = then find value of PQ.
2 3 2
aﬁP=1—g+%—% ...... 0B M Q = 1 qa PQ BT A ST ERIT|
Ans. (i) 1 (ii) 1
Sol. (i) Q= (*C, + *C,o + C,a? + 2C, + 2C,» + 2'C,00* + ......... )= (1 + ®)* = (—a?)>
P
4n _ 3n n — n — P = — = 1
o = ()" = ® a

(i P=(1+§]=(22®]=(1}f2] Q' =PQ=1

D-5. Ifx =1 +i\/§;y=1 —i\/§ and z = 2, then prove that x? + y? = z° for every prime p > 3.
A x=1+i3;y=1-i3 T z=28, a1 Rig BN & yA® 9T FE=A
p>3% fIT xp+ yp=2°

o (2] -

(- WP+ (- W) = 1
O=1+wr+w?
p is prime so not a multiple of 3.

p UH WY AT B | Y fF 3 @1 Ui E 7|

D-6.= Solve (z—1)*- 16 = 0. Find sum of roots. Locate roots, sum of roots and centroid of polygon formed by
roots in complex plane.
(z-1)4 =16 =0 P &1 BT | Gl BT AT S BT | i, Jell & AR TG HAl A 99 GgHA B D=
BT AR FATA TR ST |

Ans. z=-1,3,1-2i,1+2i
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Complex Number
1‘+2i
-1 1 3 4
.
Sum = 4
centroid = 1
Ans. z=-1,3,1-2i,1+2i
1+2i
-1 1 3 4
1-—2i
I = 4
Ped =1
z-1 1 z-1
Sol. T=(1)4 = T=1’_1’i’_i = z=3,—-1,1+2i,1-2i
sum of roots = 4; centroid=3_1+1+42'+1_2I =1
z-1 1 z-1
Hindi T=(1)4 = —= =1, i = z=3,-1,1+2i,1-2i
Hgvﬁiﬁl?ﬂﬂ=4; S - 3—1+1+42|+1—2| ,
D-7 Find the value(s) of the following
fr=iferRad & a1 ia difoRI—
3 3/4
, 1 -8 (1 -8
(i) -+ (i) | = + X—
2 2 2 2
Hence find continued product if two or more distinct values exists.
9 UBR AAq OEh A divi Al &1 A1 e = = A4 8 |
(6n+1)% )
Ans. (i)-1 (i) e 4 'n=0,1, 2, 3. Continued product = 1
T
(i) -1 (iye "4 ,n=0,1,2,3. 9qq IHA = 1
A3
Sol. (i) (”f'j = (e™3) e =1
(i) zt=—1
z2+1=0

Product of root q&i &1 oH = 1

D-8.» If1, a4, a,, 0,4, a, be the roots of x5 — 1 = 0, then find the value

(08 . . .
> = = . 4_(where o is imaginary cube root of unity.)
0" -0y O — 0y O — 03 O — 0y

i FMHRT x5 -1 =0 qd 1, oy, oy, o, 04 81, Al % ©7d ©79%

of

® — Oy
‘hl HIT

2

A BINTT 2 | (TRl o SPIS BT BleaTd g9 © | )
Ans. o

T2
o - oy of - ay 0" — o3 O — oy

I\
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Complex Number
Sol. (z=1)(z—0y) e (z-a,)=2°-1
Put Z = ®, Z = & and divide
(0=M(w=-0oy)(0=0y) (0—az) (®@—0y) o’ =1
(@ =1) (0 — oy) (0° —ap) (0 —ag)(0° —ay)  ©'° -1
((‘0_0“1)(0‘)_(12)(0‘)_(13)(0‘)_(14) _ (0)2_1)2 _ 1)2 = @t =
(0 i) (0 — ) (& —a) (P —arg) (@ 1F O T

Hindi.

D-9.

Ans.
Sol.

(z=1)(z=—0) cceee.e. (z-

o,) =25-1

Z=0,7=0 & R AR YT 39 R

(0—N(o—a;) (0—0p) (0—ag) (@—0y) o —1

(02 = 1) (0° — 0) (0° — 0p) (0 — o) (0> —0y)  ©

(0—ay) (@—0p) (0—ag) (0—0y) (1)

10_1

(0 —ay) (02 —0p) (02 —0g) (P —0y)  (0-1)

=(0+1)P=0'=0

2 . . 2 . . .
a=cos 2L +isin ZX then find the quadratic equation whose roots are a =a + a®+ a*and B = ad + a°

+ a®

a=cosz7—n+isin%ﬁﬁ%ﬂﬁﬂﬁwaﬁqu@a=3+az+a4aﬁ?ﬁ= ad+ad+ ab

-

xX24+x+2=0

Sumofroot=a+a?+a’+a*+a’+a®=-1
Al BT AM=a+a2+a’+a* +a°+at =1
product of root =3a’ + (a+ a2+ a®+ a* + a® + a®) = 3 — 1 = 2 = quadratic equationis x>+ x+2=0
H\TvﬁEb‘[W=3a7+(a+32+a3+a4+a5+a6)=3—1 =2 = fgurd eI +x+2=0%|

PART - Il : ONLY ONE OPTION CORRECT TYPE

T - |l : a1 U He! fdPhed YBR (ONLY ONE OPTION CORRECT TYPE)

Section (A) : Algebra of Complex Numbers and Its Representation and
Demoivre’s Theorem

@ug (A) : 9\ &Rl 1 SorK 8k g9@ Feuvr 8k HIaR Y

A-1. If zis a complex number such that |z| = 4 and arg(z) = % , then z is equal to

af ue affsr I 239 UK & & |z| = 4 qanarg(z) = %ﬂ g, a z=

(A" -2 3 +2i (B)2 3 +i (C)2 3 —2i (D) - 3 +i
Sol. z=4 [cos%ﬂsins—g} = —2ﬁ+2i
A-2 The complex numbers sin x + i cos 2x and cos x — i sin 2x are conjugate to each other, for

(A)x=nm (Byx=0 (C) x= n?ﬁ (D) no value of x
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Complex Number

AT F@ITT sin x + i cos 2x TAT €os x — i sin 2x TWER AT &, Afd—

/\

(A) x=nx B)yx=0 (C) x:n?7t (D*) x BT DI A &I
Sol. SiNX + i COS2X = COSX + i sin2x = C0S2x = sin2x
tanx = 1& tan 2x = 1
_ x5 9 _ I 5m 9n
44 4 88’8
both equatior_1 will not have soluti_on simultaneously.
E! FHIGHROT & TP AT B el 8l Ghd 2 |
\N
A.3. The least value of n (n € N), for which [Pj is real, is
A\ N
N &1 <AGH gTHe A4, s forg [Pj qrafdd B, & —
—i
(A) 1 (B") 2 (C)3 (D) 4
N in/4 \" e
Sol. (EJ = (e—J = eI 2 = n=2
1—i e—ch/4
A-4 In G.P. the first term & common ratio are both % (\/§+i) , then the modulus of nt" term is :
(A") 1 (B) 2 (C) 4 (D) 3"
afe sl 7. ﬁr.zﬁrqmmaww%mﬁ%(ﬁn)aaﬁm nd ug @1 FrRve 7 & —
(A) 1 (B) 2" (C) 4 (D) 3"
AN
Sol. T = [&j =1
2
A-5 If z = (3 +7i) (p +iq), where p, q € 1—{0}, is purely imaginary, then minimum value of |z|? is
I 2= (3 +7i) (p +iq), 5T&1 p, q € [ - {0}, A& Hred™ 2, Tl |22 BT FATH AN 28—
(A)O (B) 58 (C) % (D) 3364
Sol. z=@3p-79)+(7p+30q)i
z is purely imaginary 3p = 7q
p=7 g=3 for minimum value of |z|?
|z|? = 58 x 58 = 3364
Hindi: z=3p-7q9) +(7p +3q) i
z fagg wreaf® 2 3p =7q
lzP® gAaw 91 & fog p=7 q=3
|z|? = 58 x 58 = 3364
A6 Ifz=x+iyandz'®=a—ibthen = — % =k (a2 —b2) where k =
a
AT z=x+iydA zB =a-ib =, @ 5—%:k(az—bz),ﬁlﬁk=
a
(A) 1 (B)2 (C)3 (D7) 4
Sol. z®=a-ib = z=(a-ib)® = X + iy = (a® — 3ab?) + i(b® — 3a%b)
= Xoa?-3p? Y o3
a b
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Complex Number “_

X_Y_ 4@ -1 k=4

a b
] [ 1w r—i 2| ] |
A-7. lfz= , (1+1) [«/EH +1+\/;J,then [amp(z) equals
on o[ 1=mi Jm-i E j 3
g z = 2 (1 +1i) L\/;H +1+\/EiJ%'€ﬁ(—amp(z) ERERES
(A) 1 (B) n (C) 3 (D*) 4
L Rt | tEmemet | om e 2 w4t moaet
Sol. z= 4(1+|) {(\/EH)(H\/;D}_ 4(1+|) T T2 1 2o = 2ne
|z| =2n amp (z)=g
(¢]2_4 0)
amp(z)) =«
2

A-8. The set of values of a € R for which x? + i(a— 1) x + 5 = 0 will have a pair of conjugate imaginary roots

is
aeR® S9 a9 & 9=y fo9a fow a0 x2 + i(@ - 1) x + 5 = 0 GFH Freufed el &1 JH
G B —

(AR (B") {1}

(C) {a:a?—2a + 21 > 0} (D) {0}

Sol. x2+i(a—1)x+ 5 =0 roots of this equation are p +iq, p —iq where p, q € R
p+ig+p—-ig=ila-1) = 2p +i(a—-1)=0
hence a =1
Hindi. 39 Iioxv X2 +i(a-1)x+5=0% ¥ &, 8l p, g € R
p+ig+p—ig=ia-1) = 2p +i(a—1)=0
I a=1
A-9. Let z is a complex number satisfying the equation, z8 — (3 + i) z + m + 2i = 0, where m € R. Suppose
the equation has a real root a, then find the value of a* + m*
A z UH AfHs G S FHIBR0 23 — (3 + i)z + m + 2i = 0, T8l m € R, B GIL H T | A
FHIBRYT BT U ARKIAD A o 8, A ot + m* BT A4 G DI |
(A*) 32 (B) 16 (C)8 (D) 64
Sol. zZ=aq aeR
—B+i)a+m+2i=0
®=3a+m=0 & —a+2=0
a=2
8-6+m=0
= m=-2
o*+m*=32
Hindi. z=a aecR
=B +i)a+m+2i=0
®—3a+m=0 & —a+2=0
oa=2
8-6+m=0 = m=-2
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Complex Number
. (1+itana ) 1+itanna — _
A-10. The expression - - when simplified reduces to :
1-itana 1-itanna
(A*) zero (B) 2sinna (C)2cosna (D) none
. n .
1+!tana _1+!tannoc P TR B W A § —
1-itana 1-itanna
(A) I (B)2sinna (C)2cosna (D) SH & PIg &I
i \N ino
Sol. [ e_ia J —[ e_m J: gln — gne = (
e e
A-11.  If (cosO + i sinB) (cos 26 + i sin 20) ... (cos nO + i sin nB) = 1, then the value of 6 is
f& (cosh + i sinb) (cos 20 +isin 20) ... (cosnB +isinnB) =121, A O & 79 & —
3mn i =7 ) 2mm i iz (C*) 4mm ’ (D) mn mez
n(n-+1) n(n+1) n(n+1) n(n+1)
. (n)(n+1)
[¢] .
Sol. ev.e? . en=1 = e 2 —gm j%ﬂ) =2mn
0= L m e z.
n(n+1)
A-12. Let principle argument of complex number be re-defined between (r, 3x], then sum of principle
arguments of roots of equation z° + 22 + 1 =0 is
AT A3 AT BT G BITD, (n, 3n], d AL YA URATNT fHar SI1em 8 @9 FHdRI 26 + 22 +1=0
Tl BT G BIND] BT AFTHA B—
(A)O (B) 3n (C) bm (D*) 12%
Sol. If argument is defined between (—r, nt] then sum of argument of root equals to zero (root are conjugate

of each other), but now value of argument of all the roots is increased by 2r = sum of argument
equals to 12x

IS BB Bl (—n, 1] & 7eg GRANT B 2, T4 Al B DINH BT AMHA Y 2| (A U IR &
YA & WRg 9 Hel D DIV A 2n W IS1 §IAT 8) = PIVID Bl AN 121 & R & |

Alternate : Let z° = x then root of equation x2 + x + 1 = 0 are e=2* or e?*

Alternate : #TT1 22 = x T9 FHIBROT X2 + X + 1 = 0 BT ol @273 AT 22 g |

@+2kn —@+2kn

= argument of roots are either equal to ST k e {2, 3,4} or ke {2,3,4}

= sum of argument equal to %(2+3+4)x2 =12n.

Section (B) : Argument / Modulus / Conjugate Properties and Triangle Inequality

|vs (B) : BIVI®, Wi®, G orR AR Brger safie

B-1.

Sol.

If |2/ = 1 and o = 2=
z+1

(where z = —1), the Re(w) is

zrf%:|z|=1sﬁ<fw=§—:(agﬁz;t—ngieﬁwmmﬁmwm%—
1 1 N

z
- . (D)
|z+1|2 |z+1|2 |z+1|

z+1

(A")0 (B) (©)

2

z-1
0= — = ozZ+o=2z-1
zZ+1

I\
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Complex Number “_

-1 |o 1
= (o-1z=-1-0 = z=1+—00
Now |z|=1= 1rol_y
1-o
= lo—(=1)] =[o-1]
= o lies on the perpendicular bisector of the segment joining — 1 and 1.
Thus, o lies on the imaginary axis.
Hindi. m:z—‘: =  oz+o=z-1
y
= |o (I
= (0-Nz=-1-0 N kL)
1-o
d@ |z|=1 Itol_q
1-o
= lo—(=1)]=]o-1]

= o, —1Td 1B A aa IQETs & W Fafguroie W Red 8 |
3 o BTeafd 3787 ;) Rerd g |

B-2. lfa+be=1,then Gt P2+ i@ _
(1 + b —ia)
?Jﬁ{a2+b2=1a'e[(1+b+ia)=
(1 + b —ia)
(A) 1 (B) 2 (C*)b+ia (D) a + ib

1+b+|a (1+b+|a)(1+b+ia)
1+b-ia (1+b-ia)(1+b+ia)

Sol.  Given that &1 ™1 ® a2 + b2 = 1. Therefore s,

_(1+b)2—a2+2ia(1+b)_(1—a2)+2b+b2+2ia(1+b) 20% +2b + 2ia(1+b)

= = =b+ia
1+b° +2b+a? 2(1+b) 2(1+b) '

B-3. If(2+10)(2+2i) (2 +3i)...... (2 + ni) = x + iy, then the value of 5.8.13. ....... (4 + n?)
afe (2+0)2+2) (2 +3i) ...... (2 +ni)=x+iy &, A 5.8.13. ....... (4 + n?) BT A9 G HIFAT |

(A") (x2 +y?) B (< +y?) (C) 202 +y?) (D) (x+¥)
Sol. (2+1)(2+2)(@2+30)....(2+ni)=x+iy = 5.8.13........ (4 +1n?) = (x2+y2)

B-4. Ifz=x + iy satisfies amp (z—1) = amp (z + 3) then the value of (x — 1) : y is equal to
(A)y2:1 B)y1:3 (C)-1:3 (D*) does not exist
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Complex Number “_

A z =X + iy, BINH (z2—1) = BINH (z + 3) BT T HAT 8, A (x—1) 1y 7 —
(A)2:1 (B)1:3 (C)-1:3 (D*) aifkaea =&t ®

Sol. Amp[;] =0=1Im (Z—_;j =0 =y =0, Hence (x — 1) : y = w (does not exist)
+ z+

Hindi. @i [Z_‘1j=o :Im(z_;j 0= y=0, 3 (x— 1) 1y = oo (ST T B)

z+

B-5» If z, =-3+51i2,=-5-31iand zis a complex number lying on the line segment joining
z, & z,, then arg(z) can be :

Az, =-83+5i;2,=-5-3i 8 qAz, d2, D He arel vERIvs W Rerd AfFs Gw=a1 z &1, @1 arg(2)

8 Hhdl & —
3n T T o OT
w- 2 ®-: o o) 3
Sol.
B6. If(1+i)z=(1-i)Zthenzis
(A t(1—i),t e R B)t(+i),teR (C)#,temo)%,tew
afe (1+i)z=(1=i) Z &, Az=
(At —i), te R B)t(1+i),teR (C)#,teRwD)%,tew
1-i_ - . .
Sol. z=——2 = zZ=—iz = X+ly=—y—ix = X==Y
1+i
sodd: z=x—ix,xeR = x(1—i) or(@@m t(1-i),teR.

B-7. Letzand o be two non-zero complex numbers such that |z| = |o| and arg z = = — arg o, then z equals

(A) o (B) —o ©C) ® (D*) —®
AT 2 AAT @ BT AL FEAS TN SHIBR © (b |z| = |o| FATarg z = 1 —arg o, T9 z RR &
(A) o (B)-o €) o (D%) -®
Sol. We have, |z| = |w| and TAT arg z=nt—arg o
LetdAM @ =re® . Then dd z = rei=-9)
= z=re"e=(re) (cosnt+isinm) = (-1)=—0o
z
B-8.= If z, and z, are two non-zero complex numbers such that LAl 2 and arg(z,z,) = 3?“ , then —L is equal
Zy Zp
to
L z
If 7, 3R 2, Q1 Afas Fw=T 59 UBR © & 21 _2aiR arg(z122)=3?n dg 2L wmER 2—
Zy Z3
(A) 2 (B) -2 (C) -2i (D*) 2i
- —i0 .31
Sol. 2L 1 _0g st _pe 2 _p;
z i92
2 r,e
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Complex Number “_

B-9.

Sol.

B-10.

Sol.

B-11.

Sol.

Number of complex numbers z such that |z| =1 and|z/z+Z/z|=1is (arg(z) € [0, 2x])

A4 . (B) 6 (CnH8 (D) more than 8
aftsy AT z 1 G eFl Sdfd |z) =191 z/Z2+2/z|=1 8 (arg(z) € [0, 2x))
(A) 4 (B) 6 (Cn 8 (D) 8 & af¥®
Let HIT Z=Ccos X +isinx, x € [0, 2x]. Then T4,
5 2 32
1= é . @ = |Ccos 2X + i Sin 2x + c0S 2x — i sin 2x| = 2|cos 2|
z z |z |
= cos2x==x1/2
Now,31d
cos2x=12 = x1=£,x2=5n,x3 ﬁ,xﬁm
6 6 6 6
cos2x=-12 = X5=£,X6=2—n,x7=ﬂ,x8= 2
3 3 3 3
If |z,| = |z,| and arg (z,/z,) = &, then z, + z, is equal to
(A)1 (B)3 (€10 (D)2
A |2,| = |2,| IR arg (z,/z,) = n, T 2z, + 2, WK &
(A)1 (B)3 (€10 (D)2
We have, arg {:—‘] =n =arg (z,)—arg(z,)=n = arg (z,) =arg(z,) + =
2

Let AT arg (z,) = 6. Then 9 arg (z,) = © + 6.

o z,=|z,| [cos (m + 0)+ isin (m + 6)] =|z,|(—cos 6 —isin 6)

and 1

z,=|z,/(cos 6 +isin B) = |z,|(cos O +isinB) (.. |z,|=z)) =-z, = z,+2,=0

The number of solutions of the system of equations Re (z?) =0, |z| =2 is
THHRO BT Re (22) = 0, |z| =2 & Bl & A& & —

(A%) 4 (B)3 (C)2 (D)1
Re(z?) =0

x2—y*=0

X=zty

Pai
PO

Four solution IR &<l

B-12.= If |22-1| =|z?| + 1,then z lies on :

Sol.

Hindi

(A) the real axis (B*) the imaginary axis (C) a circle (D) an ellipse
e 22— 1| = |22 + 1, zRerd 2
(A) Irfd® 7 W) (B*) dreufys et ik (C) 99 WR (D) Erega W

Giventhat, |22—1|=|zP+1 = |22+ (-1)| = |22 + |-1]

It shows that the origin, —1 and z? lies on a line and z? and —1 lies on one side of the origin, therefore z?
is a negative number. Hence, z will be purely imaginary. So, we can say that z lies on y-axis.

8 & |2-1]=|zP+1 = |22+ (-1)| = |22 + |-1]

SWRIFE 4 W & [ qaldg, —1 T 22 T @ R Red § do 23R 1 @ (g & & & R Red
2| 3T 22 T FOHSG AT B | 31 z IUT BT 8RN | 3T 89 &8 9ahd & & z, y 3187 W) Rerd & |

I\

Q ® | Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
esonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow 55 Free : 1800 258 5555 | CIN: US0302RJ2007PLC024029




Complex Number “_

B-13. If|z-2i| +|z-2| > ||z| - |z—2 - 2i||, then locus of z is

AT |z -2 + 2= 2| > ||z] = |z—2 - 2i||, B Tz FT fIgUA &—

(A) circle (B) line segment (C) point (D*) complete x-y
plane
(A) g (B) XaT@TS (C) fag (D*) TGOl x-y FHEAA

Sol.  Minimum value of LHS is distance between (0, 2) and (2, 0) which is equal to 24/2

Maximum value of RHS is distance between (0, 0) and (2, 2) which is 242
= locus at z is complete x-y plane

Section (C) : Geometry of Complex Number and Rotation Theorem

Tus (C) : ufFs wwsii o st Sk guib w Y

C-1. The complex number z = x + iy which satisfy the equation Z_g! =1lieon:
z+5i
(A*) the x-axis (B) the straight line y =5
(C) a circle passing through the origin (D) the y-axis
HHAIBRIT 2_2'_ =1 P G B drell A8 T z=x + iy a6 W R g, a8 & —
z+5i
(A) x-37eT (B) Wt X@l y=5
(C) 7ot a5 & oA arell g (D) y-31ef
Sol. |z = 5i|] = |z + 5i] implies perpendicular bisector of line joining 5i & — 5i which is real axis.

Hindi |z — 5i| = |z + 5i| &1 372 5i 3fR — 5i &I A dTell Y@ & T+ FAGHISTS & Sl dR<faD el § |

C-2. Theinequality |z—4| < | z - 2| represents :
NIl |z — 4| < | z - 2| uefRid Bl & —
(A) Re(z) >0 (B) Re(z) <0 (C)Re (2) > 2 (D*) Re(z) > 3

Sol. |z-4|<|z-2] = 2z+16—-4(z+2z2)<zz+4—-2(z+Z)
= 12<2(z+2) = 12 < 4Re(2) = 3 < Re(2)
C-3. Let A, B, C represent the complex numbers z,, z,, z; respectively on the complex plane. If the

circumcentre of the triangle ABC lies at the origin, then the orthocentre is represented by the complex
number :
AT A FHdA UR A, B, C AT |8 18I 24, 2, 2, D1 UGRIG dxd 8 | Al Byyst ABC &1 uRa=
A R &, A Ted= Pl USRI B aTell AFS T=T 8 —
(A)z+2,-23 (B)z,+23—-2y (C)z3+2,-2, (D*)z,+2,+24
Z,+2,+24
3
H — Orthocentre = z say, O — Circum centre =0
G divides HO in ratio 2 : 1 reckening from
Z,+2,+23 2:0+1-z
= = Z= Z1 + 22 + 23
3 2+1
Zi+2,+24
3
H >dW @< =z99,0 > dRad= =0
G, HO &1 2: 13 3rgura # dfcar 2|
Zi+2,+2z3 2:0+1z

= = Z2=2,+2,+ 2
3 2+1 1T
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Complex Number

C-4.

Sol.

Sol.

C-6.

If Arg (z — 2 — 3i) = %, then the locus of z is

e z-2-3idl ElﬁUTi—CB% g, a1 z 31 gy & —

The system of equations

(A) no solution

(C) two distinct solutions

B b |z +1-1

Re z

(A) BTS B &I B |

(C) T == &1 &1

lz+1=il=2

Re(z) =1

—1+i

:

|z+1-
Re

i| =2 .
e where z is a complex number has :
z >

(B*) exactly one solution
(D) infinite solution

z?}WZWW%W%‘Eﬁm

(B*) % U& & © |
(D) 39 & B |

Only one solution &de TH &

The locus of z which lies in shaded region is best represented by

(B
N=4

— -7

A izl<1, =& <argz< X B)lz|=1, =% < argz< 0

g g

2 2 2
b -7

(C)|z|=0, 0< argst (D)|z|s1,?3arQZSn
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Complex Number “_

z &1 fague S Y@ifed 9 4 Rerd & ged: yaiid g—

(B
N=4

(A*)|z|s1,_?nsargzsg§m (B) |z =1, ‘?“s argz< 0 gRI
(C) |z] 20, 0< argzsgm (D)|z|s1,"?"sargzsmm
Sol.  Obvious (A) |z| < 1 is region interior of circle of radius 1 unit and centre (0, 0) and arg. of given region is

—-n/2< argz <2
Hindi. Tsaan dei (A) |z| < 1 5®ls 5901 & g &1 <IRS 91 & R &= (0, 0) Jo1 &y U &= &1 PIvnd
—A/2 <PID z <n/2 B

C-7. The equation [z— 12 + |z + 1]? = 2 represents

(A) a circle of radius '1' (B) a straight line

(C*) the ordered pair (0, 0) (D) None of these

TSR [z — 1P+ |z + 12 = 2 U&RId &=al & —

(A) g@18 381 &1 & g (B) T ¥Rl ¥l

(C) wfaa g (0, 0) (D) 377 & @13 T
Sol. |z—-1P+|z+1p=2 = 2zZ+1—(z+2)+zz+1+(z+2)=2

= zz=0 =|z|=0 = z=0 =x=0,y=0

z-2 b .
C-8. |Ifarg [ j: — then locus of z is :
-4) 3
-2 T
afg il A P o B—
arg [z _4) 3 92 fagu 2

(A) equileteral triangle (B*) arc of circle

(C) arc of ellipse (D) two rays making angle g between them

(A) FaTg Byt (B*) g1 @1 a9

(C) Sreigt &1 =Ty (D)aﬁﬁm‘iﬁﬂ?ﬁﬁwaﬁmg%l
Sol.  major arc of circle

Srelg< &1 A

C-9.  The region of Argand diagram defined by [z—1| +|z+ 1| <4is:
(A\) interior of an ellipse (B) exterior of a circle
(C*) interior and boundary of an ellipse (D) exterior of ellipse
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Complex Number “_

AMTE FHAA H |z — 1|+ ||z + 1] <4 9 vl &= B —
(A) SETT B "I BT ATBA (B) I & =R HT &ABA
(C) <reiga & |1 dor =R BT aTha (D) 379 | P13 T

Sol. A(1, 0) and B(- 1, 0) are two fixed point at a distance /2 & P(z) moves so that PA + PB < 4. Hence
locus of P is ellipse.

Hindi. A(1, 0) 3R B(-1,0), V250 W a1 Rer fag § @R P(2) 39 R 7Y &xar 2 {5 PA + PB < 4. 31 P
1 faguer drefga B |

C-10.= The vector z = — 4 + 5i is turned counter clockwise through an angle of 1802 & stretched 1.5 times. The
complex number corresponding to the newly obtained vector is :

. 15 . 15 . 15 . 15 .

(A)6—?| (B)—6+?| (C)6+?| (D)—6—?|
Al 2 = — 4 + 5i BT FEE a2 H 180° 19T IR AR Sl & 7 1.5 Jon faxaqiRa o= e san 21 59
UHR U A & FId afds Gem 8 —

15 15 15 . 15 .
A*) 6 - — B)-6+— C) 6+— D) 6- —
(A) == B) =6+ (C) o+ (D) x

Sol. New a1 z= g(—4+5i)ei“ =6- gi

C-11. The points z, z,, z;, z, in the complex plane are the vertices of a parallelogram taken in order if and

only if :

(A)yz1 +2,=2,+ 24 B zy+z3=2,+2z, (C)zy+2z,=23+2, (D) zyz3=2,2,

At qHdd | 85 24, 2,, 25, 2, T HF H o W b FER TGS @ MY fag 89 Afe iR daa
Ife —

(A)Z1+2,=2,+ Z4 B)zy+z3=2,+2, C)zy+z,=25+2,4 (D) zyz3=2,2,

Sol.

Z

Mid points of c]iagonals are equal (@it & #eg fag F9= 81)
B+ 2 A

T T LtL=Z4+2

C-12.=.Complex numbers z, , z, , z, are the vertices A, B, C respectively of an isosceles right angled triangle
with right angle at C and (z, — z,)? = k(z, — z,) (z, — z,), then find k
e JHafgarg A9aIv Bys & N A, B, C s |fas & z, , z,, z, 9 UefRid & U@ IV C A9
21 Td (z,-2,)2=k(z,—2) (z,—2,) B @ k &I 719 B
(A) 1 (B*) 2 (C)3 (D) -2

Sol.  Apply Rotation (g9 ¥ 9)

V2 (z5-2))=(z,-2) ™
(z,~2) = V2 (z,-z)e
V2(2z3-2) __(2,-2)
(z1-22)  V2(z5-2,)
2Az3 —2,)(21 —23) =(2, — 2,)?
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Complex Number “_

C-13.

Sol.

If z,, z,, z, are vertices of an equilateral triangle inscribed in the circle [z| =2 and if z, =1 +i V3, then

I Th I |2 = 2 B It 91Q TG FHaTg BT B M 2,2, 2, AUz, =141 3, A, A -
(A)z,=-2,2,=1+1 3 (B)z,=2,2,=1-1 3
(CYz,==2,2,= 1-i 3 (D)z,=1-i+3,2,=—1-i 3

z,=1+i3 =2e3

z,=2e"=-2 = z,=2 e_§|=1—i\/5_’

Section (D) : Cube root of unity and nt* Root of Unity.

@vs (D) : H% T T4 SHIE &1 nal qal

D-1.

Sol.

Hindi.

D-2.

Sol.

Let z, and z, be two non real complex cube roots of unity and |z —z,|? + [z — z,|*> = A be the equation of a
circle with z,, z, as ends of a diameter then the value of 1 is
AT 318 & al AR<dD T 2, d 2,8 A [z -z, + |z -z, = LS9 g1 Bl YaRRid &xal & s
A D Rz, 2,8, A AP A9 & —
(A) 4 (893 (C) 2 (D) 2

Circle

z,0r z,or ?

= =2 2
so by pythogorous theorem X = |0 — &P = (0 — @?) (0—©°) = ‘\/3_" =3

YT URATIRE YA | A = |0 — 0?2 = (0 — 0?) (0—02) = ‘\/g‘z =3

fx=a+b+c,y=aa+bp +candz=aP +ba+c, where o and B are imaginary cube roots of unity,
then xyz =

Al x=a+b+c,y=aa+bp+cTAAT z=aB +ba +c, &l o TP SHE B HIAH T &I, Al Xyz =
(A) 2(a® + b® + ¢?) (B) 2(a® — b® —c?) (C*)a®+b®*+c®—3abc (D) a®-bd-c?

x=a+b+c

y =w(a + bw + cw?)

z = w3(a + bw? + cw).

xyz =(a+b+c)(a+bw+cw? (a+bw?+cw)

=a®+ b® + c®—3abc

I\
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Complex Number
1 " o
D-3. If 1, ®, &? are the cube roots of unity, then A= |o" ®*" 1|, (n e])is equal to-
o 1 o
1 (Dn (D2n

Sol.

D-4.

Sol.

D-5.

Sol.

A1, 0,02 THE S TA 8, T A= 0" o™ 1|,(nel) R B

(A) 0
1
Given (&1 &), A= | "
(D2n

(O] (O)
(B) 1 ©) o (D) o?
n 0)2n
| = 1o = 1) - o"(e? — o) + 0*(e" — o)
1 o

=11-1)-0+o™(@—o") =0

If X2+ x + 1 =0, then the numerical value of

1 2 1 2 1 2 1 2 1 2
2 3 4 27 i
(X"';J + (X +X—2] + [X +X—3] + (X +X—4) SIS - - - + (X +X?J 1S equal to

| 12 (o AV (s 1V (s, 1
X2 + x + 1 =08, @ |x+—| +|X+— | +| +— | +| X +—
X

TP 91 & —
(A*) 54
-+ roots are o and o?

(B) 36 (C) 27 (D) 18

2 2 2 2
e ot ) oo )

o+— | H o +— | +| o +—| ... o~ +—

( m)( 02 o3 o

there are 9 term which have o®. so sum 9 x 4 = 36 there are 18 term which not have o
so sum is = 18. Total sum = 18 + 36 = 54

Hindi. 9f% 98 o3k o??|

2 2 2 2

) o) ) )
o+—| +H o +— | +|0®+—| ..... o~ +—
(ot oot ) +[ot+

9ue 9 @ & Ug 2| THAIT ANTH 9 x 4 =36 TEf 18 U Sl w*P el 2 |

SAfIg AN =18 e AT = 18 + 36 = 54
3 6 4 7 2 5 8
Ifa=1+—+X—+ ...... , b=x+X—+— ...... , c=X— X X
3! 6! 4! 7! 2! 5! 8l
then find a3 + b3 + ¢ — 3abc.
3 6 4 7 2 5 8
AR az1+ X, box+ ~t X 4. L o= X X X
3! 6! 4! 7! 2! 5! 8l

a9 a8 + b3 + ¢3 — 3abc &1 A9 T BV |

(A%) 1

(B) 2 (€3 (D)4

a®+b3+ct-3abc=(a+b+c)a+bo+co?)(a+be?+co)

where S8l a+b+c=exand @M a +bo + ca? =1 + X +

I\
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Complex Number

2
and TAT a +bw? + co =e”*

2
so s9fery a8 + b3 + ¢3 — 3abc = ™) = g0 = 1

D-6 If equation (z— 1) = z" = 1(n e N) has solutions, then n can be :
Ife FHET (z—1)"=2" = 1(n € N) B4 & € G4 n 8 APhal a—
(A) 2 (B) 3 (C* 6 (D)9
Sol. common pointof z—1|=|z|],|z|=1&|z-1]=1is lﬁ and l—ﬁ
2 2 2 2
= If root exist then these mustbe —wor-o? = (-1-o)"=18& (-0)"=1
= n is multiple of 6
Hindi. [z-1|=z],|z|=1&|z=1|=1 & WIS a5 2 [%g}aﬁ‘\' {%—73] -
= AR A M e W I -0T-? = (-1-o) =12 (o) =1
= n, I OIS 62l
D-7. Ifaisnonrealand a =3 then the value of 2+ o+« +a* ~ol ig aqual to
(A*) 4 (B)2 (C)1 (D)8
q‘fé’ae;l—(ﬂwﬁ—cﬁ aa-ﬂ- a=§ﬁ Eﬁ, ?_h— 2|1+OL+OL2+OL_2—0L_1| Eﬁ[ 1:”7-" _EﬁT” _
(A)4 (B)2 (€)1 (D)8
Sol. a=1"
consider x5-1=0
’
1 2, o ot é :
s0?2 ‘. +§_§ - 2|1+a+a2+cx3—a4 :
= ol-at=af_ glefl_ 4
Hindi. o=11
X5—-1=0e9 W)
1 1
; . L é 2
a2 B +§_§ _ 2|1+a+a2+oc3—0n4| :
= o= at—af| _ 4|0t4| -4
D-8. Ifa=¢e®" then Real (a0 + o + o® + a* + o) equals to :
A o = €891 T (o + 02 + 0 + ot + 05) BT IRATH 9RT WA T—
o1
(A) B)1 (C") - ) (D) -1
Sol. Real (1 +a + 02+ ......... +0a'%9 =0 = 1 + Real (o + 0 + ...... %) + Real(a® + o’ + ...... +
a'%)=0
= 2 Real (o0 + 02 + ........ ad)=-1 = Real(oc+a2+oc3+a4+a5)=—%
Hindi. (1+o+ 02+ ......... + %) BT IRKAD 91T = 0
= 1+ (0+02+...... ab) + BT AP 9T (06 + o + ...... + %) P IRAfAD HRT=0
= 2 BT IAMED 9T (o + 02 + ........ o) =—1
= Wamﬁ'cﬁ'ﬂm(a+a2+oc3+a4+oc5)=—%
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Complex Number
PART - Ill : MATCH THE COLUMN
HIT - Il : DI DI FAfTd BT (MATCH THE COLUMN)
1. Match the column
Column -1 Column -1I
(Complex number |fF 3T T Z) (Principal argument of Z &1 &I $IId)
2
(1+1)° (1+ i)
A Z= ———— |
. bmn . 6m) . 7n
(B) Z =sin 3 +i (1+cos ?j is (q) Ty
(C) Z=1+cos (H—nj +isin (H—nj (r) Skl
9 9 10
(D) Z = sinx sin(x — 60°) sin(x + 60°)
where 8T xe (O,Ej and 3R x e R (s) _on
3 12
(t) 0
Ans. Ans. (A) — (s), (B) = (n), (C) - (a), (D) = (p)
s\(1 iV .of1 ’
Sol. (A)Z (1+i)5(1+‘/§i)2 (ﬁ )[45+~/§] 22[2+iJ
ol. = =
—2i(-V8+i) 2i2[ﬁ—iJ
2 2
T 191

= Argument JIvTid® _Sr 2n = m_19n
4 3 2 6 12

Therefore, the principal argument is -51/12 31a: &I ®Ivid —51/12 2 |

(B) sin £y +i (1 +cos@j
5 5

6n
1+cos—

lies in 2 quadrant and B NE
. b1
sin—
5

2 quadrant = T— —

Hindi. sin @+i 1+cos@
5 5

g agafa § Rea ¥ &kl —— 2| =

@ﬁ’l’qﬂﬂﬂﬁﬂ = n- =
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Complex Number

2.xm

Ans.
Sol.

(©)

(D)

(A)
(B)

(©)
(D)

11z . . 11n 11x
z=1+4+c0s — +isin — = | —-2cos——
9 9 18
|z|=—2003m=2cos7—n
18
arg(z)— M_ —ﬁ
18 18

Z = sinx sin(x — 609) sin(x + 609)

Now 3/ Z = — %sinSx 3x < (0, 1)

Z is a negative real number
hence principal arguments is «

Columnll
-1

z¢-1=0
z*+1=0
iz2+1=0
iz2—1=0

r.

S.

A->s;B>r,Co>p;D—q.

A.
B.

C.

z2—1=0=2z=1=cos0+isin0=2z=(cos0 +isin0)"™=cos 0 +isin0

q A q —a T . . T
z2+1=0=>2z'=-1=cosn+isint=z=(cosm+isinm)*=cos— +isin—

I

11z . . 11n
cos— +isin— |(-1)
18 18

Z &1 FUMHS IRAAS & 8 |

3T &I BIVIH T ¥

Column Il
-1l
(one of the values of z)
(21 TP HTM)

I 0o
z=cos§+|sm

T .
Z=cos — —isin
8

Ala ®|3 o3

T 0 q
zZ=c0s — +isin
4

z=cos0+isin0

1/4
q . T . . T T . .. T T . .. T
iz2+41=0=>2z*=i=c0S — +iSin — = z=|CcoS—+isin— =C0S— +isin—
4 4 2 2 8 8

1/4
. . Y . . T m .. T T . . T
iz2—-1=0=>2z*=—i=0c0S— —iSin— = z=|cos——isin— =C0S— —iSsin—
2 2 2 2 8 8

Which of the condition/ conditions in column Il are satisfied by the quadrilateral formed by z,, z, z,, z, in
order given in column | ?

17 72,

I\

Column - | Column-ll
(A) Parallelogram (p) 2,-2,=2,-12,
(B) Rectangle (q) |z, = z,| = |z, - z,|
(C) Rhombus (r) 21722 i real
z2,-25 . . .
(D) Square (s) ———= is purely imaginary
(1) 2172 is purely imaginary
Z3 =23
® | Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324
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Complex Number “_

Wl 7 QT T A z,, 2, 2, 2, W A TGS B W A RY MY gfde 4w g g ?

- | w -
(A)  FE=R gy (P) 2,-2,=2,- 7,
(B) 3d (q) |Z1 - 23| = |22 - Z4|
z,-2
(C)  wHugS (r) 2 qredfas @
2324
(D) o (s) ﬂﬁg@' BIAD &
(t) 21722 fyorg wreale ¥
Z3-2;
Ans. a-—p,r;b—paqrt;c—prs;d—pqrs,t.
Sol.
A(z) Bz) in parallelogram, the mid-points of diagonals coincide 2 223 _ 2 ;Z“
= z,-2,=2,-2,
also in parallelogram, AB||CD.
Hence arg | Z1—22 |- o = 21722 is purely real
in rectangle, adjacent sided are perpendicular.
Hence arg | 21 =22 |= & = 21722 is purely imaginary
Z3-2, 2 232,
also is rectangle, AC = BD = |z, - z,| =z, -2,
in rhombus, AC L BD = ﬂis purely imaginary.
Sol.
D(z.) C(zs)

AR Fq, Rl @ mer fawg wordh @ 28 _Z2tZa z,-2,=2,-2,

2 2
AT AR AgYS H AB||CD. 3 arg [21_22]=0 L 2% R
Z3—24 z3-2,4 3

M H S~ YOIy o gaq 2 |

I arg (j;zz}ﬁ = 2722 fyorg preate 2

3—2Zp 2 2327,
der 3mgd 4, AC = BD = z,-2)|=|z,-z,|
Fwagys %, AC L BD = 472 fygrg wreate 2
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Complex Number “_

4.x Letzlieson|z|=1andz,lieson|z|=2.

Column -1 Column -1I
(A) Maximum value of | z; + 2z, | (p) 3
(B) Minimum value of | z, — z, | () 1
(C) Minimum value of | 2z, + 3z, | (r) 4
(D) Maximum value of | z; — 2z,| (s) 5
ATz, ,|z|=1R Re@ 2 3R z,, |z | =2 R Rerd 3—
w -1 w™ -1I
(A) | 2, + 2, | &1 HE<H HIH (p) 3
(B) | Zy =z, | ®1 ATH AT (a) 1
(C) | 2z, + 3z, | ®T FAdH A (r) 4
(D) | z, — 2z,| &1 Hg<H AT (s) 5
Ans. (A)>(), B ->@  ©C)-0, D))

(A) IZ%HIQISZHQ

(A) > P
(B) |z, —z,] = minimum distance b/w z, & z, = 1

Iz, -z, = z, Az, s 728 T =1

B—q
(@) |2z, + 3z,| minimum is <gAd9 =6-2=4

(C)>r
(D) |z, — 2z,| < |z,] + |- 22,

1+4<5

(D) > s
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Complex Number “_
Bl Exercise-2

= Marked questions are recommended for Revision.

= fRiffed ¥o4 M IR 9 B

PART - | : ONLY ONE OPTION CORRECT TYPE
YT : DA TP el fdded YHR (ONLY ONE OPTION CORRECT TYPE)

1. sin-1{ 1 (z-1) } , Where z is nonreal, can be the angle of a triangle if
i

(A) Re(z) =1,Im(z) =2 (B*) Re(z) =1,0<Im (z) < 1

(C) Re(z) + Im(z) =0 (D) Re(z) =2,0<Im (z) <1

sin-{l(z—ﬂ},x‘ﬂﬁz Jarfads &, st &1 o1 8 waan 2 af —

(A) Re(z) =1, Im(z) =2 (B)Re(z) =1,0<Im (2) <1
(C) Re(z) + Im(z) =0 (D) Re(z) =2,0<Im (z) <1
Sol. sin-1 [XT_1+ yJ should exists and must be positive = x=1 0<y<i

Hindi sin—1(¥+y)mﬁmaﬁneﬁ?aﬂmiﬁmwf§q| = x=1 0<y<i

2. If |z]? = 2iz + 2¢(1 + i) = 0, then the value of z is, where c is real.
(A" z=c+1i(-1 £y1-2c—c? ), where ce[-1 — /2, -1 +/2 ]
(B)z=c—1i(-1 +\1-2c—c? ), where ce[-1 — V2, ~1 +42 |
(C)z=2c+ 1i(=1 £y1-2c —c2 ), where ce[-1 — 2, -1 +2 ]

(D)z=c+1i(=1 2)y1-2c —c? , where ce[-1 — 2,1 ++2 ]
afg |z[2 - 2iz + 2¢(1 + 1) =0, B 1 z BT A9 8 W&l ¢ IR<fAD B

A)z=c+1i(-121-2c—c?), et ce[-1 -2 , 1 +42 |
B)z=c—1i(-1%y1-2c-c? ), &l ce[-1 - V2, -1 + +/2]
C)z=2c+1i(-1+\1-2c—c? ), Tef ce[-1 - V2, -1 +42 ]
D)z=c+1i(-1£)\1-2c-c?, et cel1 - 2,1+ 2]

Sol. Putz=a +ib. Then,a?+b?2—-2ai+2b + 2c + 2ci =0 = (22 +b?+2b +2c) + (2c —2a)i=0

(
(
(
(

= a2+b?+2b+2c=0and2c-2a=0 = a=c¢c
Now, b? + 2b + (c? + 2¢) = 0 = b=—1+1-2c_c?
sincebisreal,1-2c—-c2>0 = Ce[—1—x/§,—1+\/§]

=Y z=c+1i(=12\1-2c—c? ), where ce[-1 — V2, 1 + 2]

Hindi. z=a+ibX@ W a@a2+b?—2ai+2b+2c+2ci=0 = (a2 + b2 + 20 + 2¢) + (2c — 2a)i = 0

= a2+b2+2b+2c=0and3iR2c-2a=0 = a=c
W,  b2+2b+(c2+2c)=0 = b=—1+1-2c_c?
gf b ardfdd 8,1 -2c—-c220 = ce[-1-42 ,-1+42 ]

= z=c+1i(-1 t\1-2c—c? ), 5l ce[-1 -2 , -1 ++2 ]
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Complex Number “_

3= If (a+ib)>=a +if,then (b +ia)®is equal to

afE (a + ib)5 = o + i &1, @I (b + ia)® TR & |

(A*) B + ia (B) a—ip (C) B —ia (D)—a—ip
Sol. (b+ia)=i(—ib+a)y=i(a—ip)=p+ia

1+z+2° .
4. Let z be non real number such that 1—2 € R, then value of 7|z| is
-z+2
~ . 1+z+2°
AT z ARAdd G 39 UPR © 6 T R, T4 7|z| &1 A9 &8—
-Z+2
(A)1 (B) 3 (C)5 (D*) 7
2
Sol. 1+Z+22=1+ 22 5 is real IRAfA® B = 1+ is real IRAfA® 7
1-z2+2 1-z2+2 2ot 4
z
= z+lisrealirr\’?rﬁ‘cﬁ%"
z
1 - 1 = 1 1
= Z+— = Z+ — = (z=2 )= =— =
z z Z z
= @2-7)|1-——|=0 =  |z=1
|z|

5xa If |z,| =2, |z,] = 3, |z5] =4 and |z, + z, + Z5| = 2, then the value of |42,z + 92,2, + 1622,
M |2,] = 2, |Z,] = B, [25] = 4 TAT |2, + 2, + 25| = 28, TN |42y25 + 9242, + 162,2,| BT AT ©
(A) 24 (B*) 48 (C) 96 (D) 120

Sol. 42z,2;49252,+162,2,= 2,2, 2,253+ 252,232 + 232,25 Z4
=(Z4+2p +23 ) (24 25 25) = (21 + 25 + Z3) (2 2, Z3) = [Z41|2,]125] 124 + 2, + 23]
So absolute value FRU&T #19 = 2. 2. 3.4 =48

6. The minimum value of |3z-3| + |2z—4| equal to
|3z-3| + |2z—4| &1 FATH ATF SRR T—
(A) 1 (B%) 2 (€3 (D) 4
Sol.  |3z-3| + |2z—4| = 2(|z—1|+|z-2|)+|z—1|
Now minimum value of (|z—1|+|z-2]) is at all the point lies on line segement joining z=1 & z=2
and minimum value of |z—1| is at z=1
so minimum value of 2(|z—1|+|z-2|)+|z—1] is at z=1 which is 2.
Hindi. |3z-3| + |2z—4| = 2(|]z—1|+|z-2|)+|z—1]
(Iz=1]+|z-2]) &1 FATH 719, z =1 3R z = 2 B AW aqTel Y@ETs R Rera aft el w® 2|
|z—1| BT gATH 719 z=1 W ¥ |
AT 2(|z—1|+]z—2)+|z—1| &1 FAqH A, z=1WR 8 T 2|

7. If|lz,—-1]<1,]z,-2|<2,|z,— 3| <3, then |z, + Z, + Z,|

(A) is less than 6 (B) is more than 3

(C") is less than 12 (D) lies between 6 and 12

e |z, -1 <1, ]2,-2| <2, [z,— 3| <38, T |z, + 2, + z,| FT A9 & —

(A) 69 BH (B) 3% 1fr® (CH 127 &9 (D)6T 12 weyg
Sol.  [(z;—1)+(2,-2)+(z53-3)[<|zy = 1| + |z, - 2| + |25 - 3]
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Complex Number “_

Hindi

Sol.

Hindi.

Sol.

10.=

= |z, +2,+23—-6| <6
Let Z=2,+2,+23=3
then |z - 6| < 6 is circular disc
Clearly |z| <12

[(zy=1) +(z2,=2) + (25— 3)[ < |zy = 1| + |2, = 2| + 25— 3]

h

= |z, +2, +2;—-6| <6

A Z2=2;+2,+23=3

ar |z-6| <6 T® I &7 B |
Wedd: |z| <12

Let O = (0, 0) ; A=(3, 0) ; B = (0, —1) and C=(3, 2),then minimum value of |z|+|z—3|+|z+i|+|z—3-2i| occur
at

(A) intersection point of AB and CO (B) intersection point of AC and BO

(C*) intersection point of CB and AO (D) meanof O, A, B, C

A0 =(0,0);A=(3,0);B=(0,-1) 3IRC=(3,2),dd |z| + [z—3| + |z +i| + |z =3 — 2i| T =¥ a1
a—

(A) AB 3R CO &1 ufoss fag

(B) AC 3R BO @1 ufmss fag

(C*) CB3R AO &1 ufu=ss fag

(D) O, A, B, C &1 #ied

Minimum value of |z| + [z - 3] is 3

Minimum value of |z +i| + |z — 3 —2i| is 32

= minimum value of |z| + |z—=3| + [z +i| + |[z—3—2i| is 3 + 32

|z| + |z — 3| &1 gAaqH A1 3 |

|z +i| + 2= 3 = 2i| BT =g 711 322 |

= 2| +|2=3] + [z +i| + |z =3 — 2i| BT g7qq A3 + 32 & |

Given z is a complex number with modulus 1. Then the equation [(1 + ia)/(1 —ia)]* = z in 'a’ has
(A*) all roots real and distinct (B) two real and two imaginary

(C) three roots real and one imaginary (D) one root real and three imaginary

e 7 2 5 waies 1 @) Afast de z g 99 aHiaRe [(1 +ia)/(1 —ia)]* =z # 'a' v@al

(A*) |1 o Irfa® AR - 2| (B) &1 drIfd® 3R IT SIS T

a-i

(C) IH aTIfds e 3R Tdh BIedd qol (D) U& arR<Ifdd e 3R dF HTead Jo
1+ia

L \4 4 4
1+ia

- =7 " .
[1—|aj 1-ia a-+i

=zl = =1 = la—i|=la+]i
Therefore, a lies on the perpendicular bisector of i and —i, which is real axis. hence all the roots are real.

sfe @, i iR —i & o sdd W Rd g off arafdss &1t & ora: Al ot arafasd 2 |

The real values of the parameter ‘a’ for which at least one complex number z = x + iy satisfies both the
equality |z—ai| =a+4andthe inequality lz-2| <1.

yEd ‘' ® aRdfdd "M Sd BINe e fT B A BH Ua afest S oz = x + iy afidt
|z—ail =a+47d smfidr [z-2| <13 B dge A |

(21 5 7 5 57 21 7
@ (-5-3) @58 (53 o2
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Complex Number “_

Sol. |lz—ail=a+4
Circle whose centre (0, a) & radius a + 4
|z—2| <1 circular disc whose centre (2, 0) & radius is 1.

c,c,=Va’+4 ; r+r,=a+5]r,—r|=a+3|
12 1 2 1 2

Ir,—r,|<cc,<(r,+r,) = la+3| <va?+4 <a+5
5 21 21 5
a<->-,- Z>a ) ae|-—=— -=
6 10 10" 6

Hindi |z—ai|=a+4
TH g & st o (0, a) IR rour a + 42
lz-2|<11& g &5 & e o= (2, 0) 3R = 18|

c,c,=Va®+4 ; r+r,=a+5n-r|=]a+3|

Ir,—r,l<cc,<(r, +1,) = la+3| <Ja®+4 <a+5
a<—é - ﬂ>a SO ae 121 B
6 10 10" 6
11. The points of intersection of the two curves |z-3] =2and |z| =2inan argand plane are:
afeas G # < adl [z-3] =23 [z| =29 R g B -
1 . o | . 3 .. |7 7 .. |3
(A)§(7i|J§) (B)E(Sihﬁ) (©) 5 %z (D) 5 £i 7
Sol. x2+y2=4 = (x—=3)2+y2=4
On solving & &%1 WX
3 7 1.
X=— =+ — ; z=—(3xi7
> =t SB+i7)
12. The equation of the radical axis of the two circles represented by the equations,

|z-2| =3and [z-2-3i]| = 4 on the complex plane is :

aftas waae § afiexvil [z—2| =38R [z-2-3i| =4 yaffa <1 aai B Ferer b1 THHR § —

(A)3iz-8iz-2=0 (B¥)3iz-8iz+2=0
(Ciz-=iz+1=0 (D)2iz-2i z+3=0
Sol. S,=22-2(z+z)-5=0 ; S,=2z2—-(2+3i)z—(2-3i)z—3=0
radical axis Hc1&1=S,-S,=0
3iz-3iz—2=0 = 3iz-38iz+2=0
|z-1| + 4 .
13.»  If logyp| =——+——= | > 1, then the locus of z is
3|z-1|-2

(A*) Exterior to circle with center 1 +i0 and radius 10
(B) Interior to circle with center 1 + i0 and radius 10
(C) Circle with center 1 +i0 and radius 10

(D) Circle with center 2 + i0 and radius 10

|z-1| + 4 3
aﬁlog1,2[—3|z BT >1d9 z &1 fague 3
A T 1 +i0 3R S 10 g &1 a8 W
B) &= 1 +i0 3R a1 10 % ga &1 AR 9RT
C) &= 1 +i03R Zram 10# g1

(
(
(
(D) &= 2 +i0 3R = 10 &1 g

/\ Qesonance® Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in
Educating for better tomorrow | @ ADVCN - 38

Toll Free : 1800 258 5555 | CIN: U80302RJ2007PLC024029




Complex Number “_

Sol.

14.

Sol.
15.=

Sol.

16.

I\

|z-1]+4
log,, —3|z—1|—2 >1

|z-1]+4 <1
3|z-1-2 2
t+4 1
3t-2

<_
2
0<?ft+42<%:> t>10 So true g¥feTT 2l

z-1] =t

0<

Points z; & z, are adjacent vertices of a regular octagon. The vertex z; adjacent to z, (z; # z4) is
represented by :

1 . 1 .
(A) z, + E (1£0) (zy+ 2) (B) z, + E (1£0)(z1-2)
(CM 22+% (1 xi0) (z,- 29) (D) none of these
FAACHS B ATA N 2, T 2, 8, AN 2, D AT MY 24 (25 # 2,) DI USRI BT 51 T B —
1 , 1 ,
(A) ZZ'FE (1 £0) (zy+2,) (B) 22+$ (1+0)(zy-2y)
1 . . :
(C)22+$(1t|)(22—z1) (D) T 9 BIg &l
23-2p _ eiig
Zy, — 24

|Z1 - Zzl = |Zz - Zsl

= z=z+[E](z—z)
3= 42 \E 27 4

fp=a+bow+co?qg=b+co+ae?andr=c+aon + bw? where a, b, c # 0 and o is the non-real
complex cube root of unity, then :

(A)p+q+r=a+b+c (B)p? + 92 + 12 = a2 + b2 + ¢
(C*) p?2 + g2+ 12 =2(pg + qr + rp) (D) None of these
Afip=a+bo+co®gq=b+co+aw?Tdr=c+an+ bw? &l a, b, c# 0 Bl TAT SHE BT HlADH
T o 8l I —
(A)p+qg+r=a+b+c (B)p? + 92 + 12 = a2 + b2 + ¢2
(C)p?+q? +r2=2(pq +ar +rp) (D) 574 ¥ ®I3 T
p+g+r=(@+b+c)(1l+o+w?)=0
= (p+q+r)2=0 = PP+Q2+r2+2pq+2qr+2rmp =0
& PP+d+rr=(@2+b2+c®)(1+o+w?)+2@b+bc+ca)(1+o+w?)=0
Lpg+ar+rp=0

The points z; =3 + J3iand Z, = 23 + 6iare given on a complex plane. The complex number lying

on the bisector of the angle formed by the vectors z, and z, is :

(A) ,_(3+23) 3+2.
2 2

Cz=-1-i (D) none

(B*Yz=5+5i
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Sol.

17.

Sol.

18.»=

Sol.

I\

aftrsy e § gz, =3+ Y3iTd2,=23 +6iRY T B | AiRkwl 2, vd z, & T &1 & sl W
Rera wftnsr e 8 —

(A)z- (3+2*/§)+“/§+2i

5 5 (B)z=5+5i
(€ z=-1-i (D) o & @
Equationofanglebisector:k(li—1|+|§—2|j AED B FHIHI = k(|z| |§2|j
1 2 1 2
- [3\# + f\%?’i}w[ni] 50 3R (B)

Let o be the non real cube root of unity which satisfy the equation h(x) = 0 where h(x) = x f(x3) + x2g(x°).
If h(x) is polynomial with real coefficient then which statement is incorrect.

AT o SHIE BT AARAAD TTA & Sl FHIBI h(x) = 0 BT FE Bl & &l h(x) = x f(x%) + x2g(x®) B
IS h(x) IS TOTHT BT 9gUS & 9 11 § F DT AT HAT o—

(A)f(1)=0 (B)g(1)=0 (CG)h(1)=0 (D*) 9(1) = f(1)
h(e) = of(e’) + *(0®) =0
and 3R h(w?) = 2f(me) 0'g(0®) =0
= of(1) + @?g(1) = 0 and 3R w*(1) + og(1) = 0
= f(1) =0 andeﬁ?g()=0:> h(1) =0
If 1, ay, 0, Og,......., o, _; be the nt" roots of unity, then the value of
2 3n . (n=1)=n

sin=.sin=Z . sin>= ... sin——— equals

n n n n

2n 3n - (n-1)n
AT 1, oy, Oy Olgyereeeeny 1,ns‘cb‘l‘s‘$nﬁﬂ§l%ﬂﬁsm— smT smT ........ sin - BT A
TR -
n W 0 n+1 n
() o (B) S © ©) S
(z-1)(z-a,) (z2-a,) ....... (z-—a,_,)=2"—1
n
Limit (z=a,) (z—=0) . (=0, ) = Limit Z— =
z—>1 z—>1 zZ—
2nri
a=¢e" r=01,...,n-1)
A Tr . .mr Tr
1 -0, =2sin? — -2isin—cos—
n n n
1-a = (Zsinn—rj (sinn—r—i cosn—rj
n n n
_oomr :
[1—o|=2sin r (~ sinx>0, O<x<m)
Applying modulus properties A& & IOTEF &1 YA HIA TR
A L A — M—a _|=n
2sin —23mﬁ ............. 2sin(n-1) T-n= s —smﬁ ....... sin le
n n n n n n on-1
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Complex Number “_

PART - Il : NUMERICAL VALUE QUESTIONS

ATl : G&ATH® 99 (NUMERICAL VALUE QUESTIONS)

INSTRUCTION :

The answer to each question is NUMERICAL VALUE with two digit integer and decimal upto two digit.
If the numerical value has more than two decimal places truncate/round-off the value to TWO decimal
placed.

7
°n
7
°n

fadw -

& 39 S ¥ YIS U B Sok GEATHS A1 & ©U § ¢ O1AH 1 QUG 3id defT QI 3 S¥HAd b 918 H B |
< I IS "9 H Q1 9 e S X B, A GG "9 Bl S¥Hd & &l WIF ddb ghe/ISe
3% (truncate/round-off) &< |

1. If a and b are positive integer such that N = (a + ib)® — 107i is a positive integer then find the value of %

HﬁWWa@bWW%%N=(a+ib)3—107iQT:5%'I7|TFH—CEE{:UﬁEBﬁ,Fﬁ%"ﬁfﬂ*ﬂ??ﬂﬁ

BT |
Ans. 39.60
Sol. N -=(a+ib)®-107i
= (a® — 3ab?) + i[3a’b — b®] — 107i = Positive integer
3a?b—-b*-107=0
b(3az — b?) = 107
b=1 3a2-b>=107 107 is prime

= a=6 or b=107 3az— (107)2 =1
a is not integer not possible
a=6 b=1

N=216-3x6=216—18 = 198.
Hindi N = (a +ib)*— 107i
= (a® — 3ab?) + i[3ab — b®] — 107i = g9THAS YUl
-~ 3a?b—b*—107 =0
b(3a? - b?) = 107
b=1 3a2-b2=107 107 39T R |

= a==6
1 b =107 3a2 - (107)2 = 1
aquiie &l & o g ¢ |

a=6 b=1

N-216_3x6=216—18 = 198.

2.n Let z,w be complex numbers such that z+iw =0 and arg zw = =. If Re(z) < 0 and principal arg(z) is
AT zw AfFS GG 39 USR B f% Z+iw=0 3R arg zw = ©. IfX Re(z) < 0 3R arg(z) &1 J=
BB BT A BT —

Ans. 02.35 or 02.36

Sol. Since (HfF), z+iw =0= zZ=—i W
Also (®11 &), arg(zw) = =

Z=iW=>W=-iz
arg(-iz?) ==«
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Ans.

Sol.

4.

Ans.

Sol.

I\

—arg(-)+2arg(z) =n = - g +2arg(z)=mn { arg(-i) = ——}

:>2arg(z)=3?1T = arg(z):%.

o0

If x = 913918 Q127 _ ooy = 418 4194127 o and z = 2(1 +i)_r and principal argument of P = (x + yz) is

r=1
\a

—tan- [?j then determine a2 + b2 (where a & b are co-prime natural numbers)
AX X = 910 919 91 oo, y = 410 410417 o TAT 2 = N (1+) " & TA P = (x + y2) BT T BIVID
r=1

—tan-! (%} B A1 a2 + b2®T A BT (S8l a 3R b eI UIdhd Fe&N ¢ )

13.00

Let WMTP =x + yz =3 —i /2 (fourth quadrant =rgel agifer).
Then dd, arg P = —tan-' [gj = —tan- {g}

Hencedda=2,b=3

z,,z, € cand z,2 + 2,2 € R,
z,(z22-32,%) =2, z, (32,2 — 2,?) = 11
If z,2 + z,2 = X then determine 12
2,2, € CAR 2,2+ 2,2 € R,
z,(z22-32,%) =2, 7, (322 — 2,?) = 11
T 2,2+ 2,2 = L8 A1 A2HT A B

25.00
z,(z2-32%) =2 (1)
2, (322 - 2,2) = 11 (2
Now 319 (1) +i(2)
(zy +iz,)% =2 + i ..(3)
(i) —i(2)
(z—iz,)3 =2 = 11i ..(4)
Multiply (3) & (4) we get (3) 3R (4) oM HRA W
( 2

z2,2+2,%)%=125
z2+2,2=5=1
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5.»

Ans.
Sol.

Ans.
Sol.

Hindi.

Let |zl =2 and w = z_+1 where z, weC (where C is the set of complex numbers). If maximum and
minimum value of |w| is M and m respectively then value of M + m.

W|z|=2eﬁ?w_z—+1mzWEC(GﬁCwW%WﬁWWz‘),aﬁ:MWWH
ATH A HHL: M R m B A M+ m & AT B —

09.11
Letz=a+ib
Given |z] =2 = az+b?= = a, be[-2, 2]
1)+i i 1740 [a? b2
Now W = (a+ )ﬂb (a+1) + a®+b®+2a+1 _ [5+2a
(a-1)+ib \i +b2 a® +b® -2a+1 5-2a
W] = 1f5j4 =3 (whena=2) ; Wl = 5;4 = %(whena=—2)

Hence, required product is 1.
HH z=a+ib

feam 7 7 |z =2 = a2+ b= = a, be[-2, 2]
i 2 2 12
a9 | we (a+1)+!b N Ja+1 +b a®+b°+2a+1 _ [5+2a
(a-1)+ib \i +b2 a®+b%-2a+1 5-2a
Wl = St =3(Nd a=2) ; wl| . = 5+4 =l(\—ﬂa a=-2)
1 9 3
3ret: U 1 8|

A function 'f' is defined by f(z) = (4 + i)z? + az + y for all complex number z, where o and y are complex
numbers if f(1) and f(i) are both real and the smallest possible values of |a| + |y| is p then determine p.

AT B ' 9l Afas SRl z @ forw R s UeR B 6 f(2) = (4 + )22+ oz +y @ o 3R vy
afgs | g afq (1) &R (i) SF1 aafd® 8 SR |of + |y| T 949 Bl GHIAd A p g d9 p 9

B |

01.41

liesa=a+ib y=c+id

Va2 +b2 + Vc2+d? =p

f(z) = (4 + )22+ z(a + ib) + (c + id)
fl)=@4+a+c)+i(1 +b+d)
hence1+b+d=0 (1)
f(i)=— (4 +i) +i(a + ib) + (c +id)

-4 —-b+ c+i(@a+d=1)

hencea+d=1 ..(2)
from (1) & (2)a-b=2

hence there is no restriction of 'c'letc =0

ol + Iyl = Va2 +b? + o = J4+2ab +|d| < JA12ab > 2
with equality

d=0,a=1,b=-1

hencep:«/E

a=a+ibRea g y=c+id

Ja? +b% + 2+ =p

f(z) = (4 + )22+ z(a + ib) + (c +id)
fl)=4+a+c)+i(1 +b+d)
Aqd:1+b+d=0 (1)
fi)=—(4 +i) +i(a+ib) + (c +id)

I\

Educating for better tomorrow
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7.5

Ans.

Sol.

Hindi.

8.»

Ans.
Sol.

—4-b+ c+i(a+d-1)

T a+d=1 ..(2)
(1)3R (2)| a-b=2

I 'c' @ forg g uftey 98 8 AMT ¢ = 0

ol + Iyl = a2 +0% + B = A+ 2ab + |d| < JA+2ab > 2

affer |
d=0,a=1,b=-1
o p =2

If z and ® are two non-zero complex numbers such that |zo| = 1, and arg (z) — arg(w) = g then find

the value of 10iZ w.

e 7 3R o &1 AL AR AT 39 UBR & & [zo| = 1 3R B10® (2) — DS (o) = g,?ﬁ 10izo
H1 AT B—
10.00
Letz=r e%andw=r, e* = z=re®
Given, |zo| =1 = ‘neie.rzei"" =1
=>rr,=1 ()
and arg (z) —arg (o) = g =3 0—¢ = g
Then, Zo=re".ne®=rr,e "
From Egs. (i) and (ii), we get
Zo=1e"2 —cosZ —isins = Zo=-i.

2 2
Al z=r e’andw =r, e* = Z=r,e*
f&an T ' |zo| = 1 = ‘qeie.rgei“" =1
=>rr,=1 ()
SN arg(z)—arg(@:% - e_¢=g

Thens 20) — I'1efie.l’zei¢ =] |’1 |’2 e_i(e_d))
TR (i) T (i) &

in/2

— _ T . . T = q
zo=1e .=C0S— —iSin— = Zw=-l.
2 2

Number of complex number satisfying |z| = max {|z — 1], |z + 1[}.

Iz = max {z=1|, |z + 1]} P FTE B Tl A GARI B F&T 3—

00.00
max {|z—-1|,|z+ 1]} =]z-1] if Re(z)<0
|z+1] if Re(z)>0
forRe(z) >0 |z|=|z + 1] = Re(z) = —% Not possible Ea -T&l & |

for Re(z) <0, |z] =|z—1| = Re(z) = —% i.e. not possible T9a &l 2 |

I\
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RN

Ans.
Sol.

Hindi.

10.=

Ans.
Sol.

Hindi.

If z, & z, both satisfy the relation, z + z=2 |z-1] and arg (z; - z,) = % then find the imaginary part

of (z4 + z,).
AT 2 +Z =2 [z 1] QE"?"’A“’T'rz"(zﬁzz):%aﬁ[aﬁ 2, d z, YL PR B, A (24 + 2p) BT
PHTADH AN S DI |
02.00
Given 2)z-1|=z+z = (X—12+y2=x
yv=2x-1 .. (i)

Also Arg(z,-z)= %both point lies on a straight line

y = X +C (say)

So curve ()]

= y’=2(y-c)-1= y2—2y+2c+1=0 = Y, +Y,=2
T g 2z—1|=2+ 2 — (X=1)2 +y2 = x2

y=2x-1 ... (i)
e W(z1—zz)=gaﬁ=ﬁﬁgwmwﬁaﬁ%
y = X + C (|I)
31 dsh ()

= y2=2(y-¢c)—-1= y2—2y+2c+1=0 = Y, +Y,=2

If a; a, ag... a, A; Ay Ag.... A, k are all real numbers and number of imaginary roots of the

_A? A2 A2 . .
equation —— + —=— + ...... + =k is a (where all Ai = 0). Then find the value of o + 15.
X—-a, X-a X —a,
9 A2 A2 A2
Ife a, a, ag... a, Ay Ay A;.... A, k8l acfdsd §@&a6 & dof ——+ —2—+ ...+ —"— =k
T TSk s ’ X—a; X-a, X —a,
FHTAMD qell DI T o2 (ST T Ai#0) A o+ 15 P A9 1 BT |
15.00
If x=0a+ipis aroot then
2 2 2
A1 — + A2 — + . +L_=
o—a;+if o-—a, +ip o—a, +if
& taking conjugate
AZ A3 A2
1 — + z —+ + —n=K
o—a;—ip oa—a,—if oa—a,—ip
Substracting
2B A2 2BA3 2BA2 _
(a-a) ) +B° (a-af+p2 (a—a,)* +p?
= p=0 = Xx=a+i0

which is purely real. Hence true.

ﬁx:a+iﬁ@‘ﬂ§f§,\_‘ﬁ

A12 — + Ag — e +A—r21,=K
o—a;+if o—a,+if o—a, +ip
R g W W

AZ A2 AZ _K
o—a;—ip a—a,—-if o—a, —ip
e WR

I\

Q ® | Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
esonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow |75 Free : 1800 258 5555 | CIN: US0302RJ2007PLC024029




Complex Number “_

2pA? BA; ., 2BAL
(a—aP+B2  (a—ap?+p2 (-2, +p%

B=0 = XxX=oa+i0

=
S o fagrg aafasd 21 o 9 B

n
11.=. How many complex number z such that | z | < % and Za,z' =1 where |a| < 2.
r=1

n
fas e 2 ) W B W |z | < %aﬁ? Yaz =1 fa| <2 %ge o 2
r=1

Ans. 00.00
Sol. 1=|¥a7z|<Z|aZz|
= 1< |a,z| +a,2?] + |a, 28] +........... +la, 2"
= 1<2(|z] + |22+ |z + .......... + |z|")
= 1T+ zl+ 2P+ 2P + .o + |z|" > 3/2
Case - | |z] <1
= 140zl +|ZP+ oo o > 3/2
= 1 > 3 = 2>3 -3z
1-]z| 2
= |z| > 1/3
Case - Il |z| = 1, then

Obviously |z| < 1/3 is not possible.

n
Hence, |z| < 1/3 and Zaiz' =1 cannot occur simultaneously for any a, |a| < 2.
i=1

Hindi 1=|2a7z|<Z|aZz
= 1<|a,z] + 2,23 + |a; 28] +.oeeeeeee. +|a, 2"
= 1<2(|z| + |22+ |z + ...ceeveee + |z|")
= 140zl + 2P+ 2P + oo + |z|" > 3/2
Rerfar - | |z] < 1
= 140z +|Z2 + oo o > 3/2
= = L > 3 = 2>3 -3z
1-]z| 2
2>3 -3|z|
= |z] >1/3
Rerfa - 1 |z| =1, @1

WA |z| < 1/3 999 T8 B |

n
I |zl <1/38R Y az =1 TF @ W FE & 54l a, [a < 2.

i=1

12. If a variable circle S touches S, : |z —z,| = 7 internally and S, : |z — z,| = 4 externally while the curves S,

& S, touch internally to each other, (z, # z,). If the eccentricity of the locus of the centre of the curve S is
‘e’ find the value of e.
I Th TR g S, S, [z -2z, =7 P I W PRAT 2 S, : |z - 2,| = 4 B EI: W BRA & WD
g% S, 3R S, RER T AN Pl A< WY P o, (2,#22,) A1 95 ST = d [(gUA B Ihwdl B
A e e & A4 &

Ans. 00.27

Sol. LetAMir, =7andaRr,=4
cC,=r—r,
|z,—z,|=r, -1, .. (1)
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cc,=r,—r
z-z|=r—r

CC,=r+T,
|z=2z,|=r+r,
(2)+(3)
2a=r, +1,
r—r. 3
e= 12 _ 9
n+r, 11

13 Given that, |z — 1| = 1, where ' z ' is a point on the argand plane. %

.
determine —-.
a

z=2z|+|z=2,|=1+T,
|z, —z,|=2ae=r,—r,

—2_ o itan (arg z). Then

e |z-1] = 1=t 2 smfvs aa § B g 21, qon 22_‘22=aitan(argz)8ﬁa?iﬁﬂﬂ%‘—
o

Ans. 16.00

Sol. z-1=¢e

z-2 €°-1
z e +1

dhNe

[/
cosO—1+isin®
cosO+1+isind

SO 3Ad:

0. .0 . 0 6 .. 0
2sin— [-sin—+icos—] [cos—+isin—]
2 2 0 2

20039[c039+i sin—]
2 2 2

=jitan— —%=——% =itan o =itan (arg z)
2 .. 0 2
[cos— +isin—]
2 2

[z=1+€° =1+ cosO +isind ]

ZCos9 [cos§+i sing]
2 2 2

14. Area of the region formed by lz| <4 & —g <argz sg on the Argand diagram is

afeasy ae d |z|s43ﬁ‘<—g3argzs%aﬁaﬁﬁg@mﬁm@raﬁmﬁmsﬁm—

Ans. 20.94
Sol.
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Complex Number “_

15.»

Ans.

Sol.

16.=

Ans.
Sol.

I\

Area & = %

The points A, B, C represent the complex numbers z,, z,, z; respectively on a complex plane & the
angle B & C of the triangle ABC are each equal to % (r—a).If

(Zp— 252 = A (23— 24) (24 — 2) sinZ% then determine A2

1 a5 A, B, C waen: affast G@&all z4, z,, z; 1 AfFS F9dd W TSR d-d B e s ABC &
PIT B9 C UA®H %(n—a) D IR B, AR (2,— 25)2 = A (23— 24) (24— 2p) sinQ% B dl A2 BT A9 F1a

PIFSY |
16.00
Z— 7 el( 2 ]
23—22 BC
2=z _ 80 (%]
(z1-23) AC
2
:>(z1 —22)(—21:23) =(E} .1 [ AB = AC]
(23 -25) BC

A(z)

B(z,) C(z,)

2
= (22— 25)° = (23— 2¢) (21— 2) - (%) { BC/2 =005(n_aﬂ

AB AB
2
= (25— 2y) (2 - 2,) {2003[71;0‘)}

= 4(z5 - 2,) (2, — 2,) sin? /2

If ® and »? are the non-real cube roots of unity and a, b, ¢ € R such that L + 1 + 1 = 202
a+to b+o c+o
1 1 1 1 1 1 ,
and . . =2o. If . . = )\ then determine A4
a+o® b+o® c+o’ a+1 b+1 c+1

1 1 1
+ +
a+o b+o c+o

I @R o2 FHE 1 JAIdH ¥4 1 8 3R a,b,c ¢ R3A UdR ¢ & =202

| QL R L L -
a+o® b+o® c+o’ a+1 b+1 c+1
16.00
Now consider the equation
1 + 1 + 1 =E (1)
a+x b+x c+x X
Take LCM and solve we get
x3 + (ab + bc + ac)x — 2abc = 0
Now roots of this cubic are o, ®?
let another root be o

=)\ dg AT JF o—
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Complex Number

Sol.

17.

Ans.

Sol.

18.

Ans.

Sol.

I\

o+0+02=0
oa=1
hence put x = 1 in the equation (1) we get
1 1 1
+ + =
a+1 b+1 c+1
A fh FHIHR
1 1 1 2
+ + =—
a+x b+x c+x X
AHY. o W
x3 + (ab + bc + ac)x —2abc =0

T 3H T B A 0 3R ¥ |

2=

HMT ORI 9ol o B—
o+o+o2=0
a=1
AT X = 1 W@ W FHHRT (1) |
1 N 1 1 _oo),
a+1 b+1 c+1
n n

n—o

IfL= Iim[

then value of 9L2is

+ +
(A-ne)(1-no?) (2-no)(2-ne?)

n

afx L = lim LI [ + n___
e (1-no)(1-ne°) (2-nw)(2-nw®) (n—now)(n—nw")
9 9L2 H1 /19 81 —
03.28 or 03.29
Lo ml 1S 1 _i dx _j dx
- S tex+x® g

_L(E_EJ:L L ® g
313 6) 33 J3L

6
The value of Z [sin% - icos%J = o then find a4
k=1 Z Z

k=1
01.00

k=1 k=1

6
Z [sin@—icos@j:aﬁ @A ot BT AT B—

*+ sum of roots = 0 (&l &1 A =0) =—i(—=1) =i

S onk . 2nk e onk . . 2nk
Z SIN———ICOS— [ => z—l COS—— +I1SIn——
7 7 7 7
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Complex Number
j2n ) 1+Z1+22+23+ ......... +2Z5
19.» IfZ =|e 5| then value of arg is
1+Zg+2Zg+Zyg+nnne +2Z44
2n Y 142, +Zp +Za 4o, +Z
A Z = |e 15 | 74 arg L 7\t = € —
1+28+Zg+Z10+ ....... +2Z4y
Ans. 02.93
I+Z,+7Z, +......... +7Z, I+Z,+Z,+......... +7Z,
Sol. rg = arg S — —7
1+Z;+Zy+Z,, +....... +7Z, I+Z,+7,+........ +7,
Z
=2arg (1+Z, + Z, + c.occ... +Z,) [ arg == 2 arg (Z)j
arg (Z,+Z,)
y
=(l+a+02+..... + a’) where W&l a =e 15
8 1—cosﬁ—isin@ -2 sinzs—n—Zisins—ncoss—n sins—7t 7n
{1—& } 15 15 15 15 15 |_ 15 |15
11 i 2 2P sin? * — 2isin ~ cos - sin*
15 15 15 15 15 15
Hence 3id: 2 arg (1+Z, + Z, + ......... +Z)) = %
20= If A, A, ... , A be the vertices of an n-sided regular polygon such that
! = J + ) , then find the value of n
IS TP N-YTI3ii dlel AHEGYS & AN A, A,, ... ,A 39 UBR © 1d 1L _ 1 . 1 g an
BT {9 S D \=ﬂQ |
Ans. 07.00
Sol. Letcentre be origin & A,be Z, & OA,=0A,=....=a
. 2n . 4n
So A2=zoeIn , A3=zoeIn ......
j2n i2n || _imin -
Now A/A,=1|zp—-zpe " | =]|z)| |[1-e"|=ale"||e " —e" =2asin{—}
n
similarlly A, A, =2asin 2n , AA, =2asin 3n
n n
Given 1 = 1 5 + 1 3
2asin® 2asin <" 2asin
n n n
. 31 . 4r 3n 4n
= SIN— =SIn— — =T - —
n n n n
= n =7 is only possible value.
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Complex Number “_

Hindi. AT &< qafdg 8 3R A,,Z, & @21 OA,=OA,=...=a
. 2n . A4n
KK A2=zoeIn , A3=zoeIn ......
2 12n | =i -
39 A A =|z,-2z5e =|z| 1-en|=ale"||e “—e”‘ =2asin(—]
n
. 2m . 3m
ESIIREN A A, =2asin=—,AA, =2asin—
n n
fear 2 L L ot 13
2asin®  2asin & 2asinSt
n n n
. 37 . 4rn 3n 41
n n n n
= N=7%9d Vb GWd M & |

PART - lll : ONE OR MORE THAN ONE OPTIONS CORRECT TYPE
HIT - 11:YF I U A Ifh Gl fdhed FHR (ONE OR MORE THAN ONE OPTIONS CORRECT TYPE)

1. If the biquadratic x* + ax® + bx? + cx + d = 0 (a, b, ¢, d € R) has 4 non real roots, two with sum 3 + 4i
and the other two with product 13 + i.

afs =g ard FHIBRU x4 + ax® + bx2 +ex +d =0 (a, b, ¢, d € R) & 4 @i qo &, o 4 T &
AN 3 + 4i AAT 3T &1 BT A 13 +i 5, Al

(A*) b =51 (B*)a=-6 (Cc=-70 (D*)d =170
Sol. a+B=3+4i y5=13+i y=a andUd 8=

y+06=38-—4i

b==Xaf

=of+oay+ad+By+Pd+v0 =(@+b)B+y)+af +y05=(3+4i)(83—-4i)+13—-i+13 +i

=9+ 16 + 26 = 51

2.»  The quadratic equation z2 + (p +ip’) z + q + ig’ = 0; where p, p’, g, ' are all real.
(A*)  if the equation has one real root then q'>—pp'q’ +gp'? = 0.
(B if the equation has two equal roots then pp ' =2q".
(C*)  if the equation has two equal roots then p2— p’2 = 4q
(D) if the equation has one real root thenp’2—pp’q’ +q'2 = 0.
feard wHIdRT 22+ (p +ip’) z + q + ig’ = 0; STET p, p', @, ' W ARAAD &, b waH
) A FHIBRY H TS Irfad g B, a1 q'2—-pp’q’ +qp'2=0.
B*) It ¥HIARU & & o RIR &, A1 pp' =29’
) Ife FHIROT & &I A 9 © Al p2-p2 = 4q
D) i FHIBRUT & U@ o adfdd & al p'2—pp'q’+q2=0.

Sol. A) Let real root be a, then a2 + (p +ip’) o +q+iq'=0 => a2 +pa+q=0&p'a+
q=0
q!2 _ql
= p7+p(F]+q=0:q'z—pp’q'+qp'2=0
(B) equalroots > D=0= (p+ip')?—4.(q+iq)=0=p?— p?=4q & pp’ = 29’
then equal roots are = — % , = % ; the roots will be complex.

Hindi. (A) AT IS o a8, @ o2+ (p+ip’)a+q+iq'=0
=>ol+pa+g=0&pa+qg =0

q!2 _q’
= —2+p(?]+q=0 =q2-pp'q'+ap?=0
P ’
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Complex Number

Sol.

Sol.

5.xn

Sol.

Sol.

I\

(B) WA HABIA =>D=0=(p+ip)2-4.(q+iq)=0=p2- p2=4q&pp =29
aﬁww%‘——p”p,,——p;ip' 37T & BIed1dh i |

2

The value of i" +i™, fori = \/jandn elis:
i=-1 & fagin+in, el nel® a9 amm -

/\

n n2n H2n _n2n n2n n n n

A) 2. - (1+i) (B%) (1+1i) N (1-i) ©) (1+i) . 2. () 2. s 2. '
(1-i)=" 2" 2" 2" 2" (1-i)=" A+ (1=i)"
2n 2n
o =[ei2J2 ) {ei:] _ (1+0)%"
2n
2

i_n _ (1_|)+ n

2+n

2N f\2n

ce - 7 05D
Ifamp (z,z,) =0 and |z,| = |z,| = 1, then _
(A)z,+2,=0 (B*) z,z,=1 (C) z,=2, (D) z, =z,
Ife amp (z,z,) =0 AT |z,| = |z,| = 1, 79
(A)z,+2,=0 (B*) z,z, =1 (C) z,=2, (D) z, =z,

amp (z,z,)=0=ampz, +ampz, =0

amp z, =—amp z, = amp z,
Since gAY |z,| = |z,|, we get |z,| = | Z, | TR. So (Y, 2, =7, .
Also T2, 2,2, = Z,2,= |z,]2 = 1 because Hifd |z,| = 1.
Let z, and z, are two complex numbers such that (1 — i)z, = 2z, and arg(z,z,) =g

to

, then arg(z,) is equal

AT z, QAT z, &) AR AT 39 UBR © b (1 i)z, = 2z, 3R arg(z,z,) =g a9 arg(z,) aRTER 8—

(A) 37/8

(B*) n/8 (C) 57/8

0, —n/4=0,+2kmand TAT 6, + 6, = /2 + 2\n

If |z, + z,?=|z,? + |z|> (where z, and z, are non-zero complex numbers), then

(A) kal is purely real
Zp

(B®) al is purely imaginary
Zy

(D*) ampz—1 may be equal to X
z, 2

A |z, + 2, = |z,2 + |22 B, A (ST z, 3R z, 3 QA F=T & ), I9
(A) i—‘ﬁgawﬁ—cﬁ%| (B) figg Freale 2|
2

|z, + Z,)? = |z, + |2,
212, +2Z, =0

(D) ﬁvﬂ'zﬁj—‘ Ga) Wgai ENCACIREa|
2

(D*) — 71/8

=
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al is purely imaginary

Complex Number
z z
a4
Z; Z
z z
A4 -0
z, |z, z,
Zy | . T T
soamp|— | ismaybe— or -—-—
z, 2 2
Hindi |z, + z,2 = |2, + |2,?

24Z, +22, =0

SN -

Z; Zy
z;y [z Z
440> 1 fige sreafe 2|
Z; \2% Zp
gafey amp 2 g I

Z, 2 2
% IR B GHl 2 |
7. a, b, c are real numbers in the polynomial, P(z) = 2z* + az® + bz2 + cz + 3. If two roots of the equation

P(z) = 0 are 2 and i. Then which of the following are true.

9gUs P(2) =224 +az8 + bz2 + cz + 3H a, b, ¢ TIPS AEIN © | I FAIBIU P(z2) =0F & A 279 |
g @ e H | e 9w g

(A*)a=—g (B*Yb =5 (C*)c=—g (D) a=-11
Sol. If one root is i then other is — i
Let fourth root is a.
3 3
200 = — = o= —
2 4
—Zo2+i+(=i)+ s_ 1
2 4 4
-11
a=—
2
Hindi. 3 & g1 i 8, o $O%1 91 —i 8
T A o B |
20 = g = o= E
2 4
—Z=2+i+(-i)+ s_ 1
4 4
_ -1
)
(1+i)(1+2)(1+3i)......(1+ni) o
8. IfZ = : , h e N then principal argument of Z can be

afs Z = ,neNE Tl Z &1 = HIH & Fhdl 8—
(1=1)(2=1)(3=)......(n—1)
i T
A* 0 B* e C* - D*
(A%) (B%) 5 (C) 5 (D) =
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Complex Number “_

Sol. z=ir
Now principal argument of z can be 0, =, n/2, —n/2
3T z P &I DIUS & Tl © [0, 71, n/2, —1/2

9.w  For complex numbers z and w, if |z|°w — |w[?z =z —w. Which of the following can be true :
z T w s et & fore afs |zpw — (wikz =z —w. 9 § 9 B I 2
(A)z=w (B)zw=1 ©C)lzl=w|=2,zzw (D*) zw=1
Sol. Given that z and o are two complex numbers. To prove
zPw—-|wPz=z-wsz=worzw =1
First let us consider

|lzPw = wWP2z=2-wWw . (1)
P _
=~ zd+mwPh=w(l+|zp) = 2= 1+|Z|2 :(ij=i:5=i
W1+ w w w wow
= ZW=zW (2)
Again from Eq. (1),
ZZW-WWZ=Z—-W
z(zw-1)-w(wz-1)=0
z(zw —1)—w(zw—-1)=0 [Using Eq. (2)]
= zw —1)(z—w)=0
= zw =1lorz=w
Hindi. &1 a1 © & z 9o w a1 98 9= § e g SITeTg
zZPw—|wpPz=z-wsz=wIdzw =1
UIH HIAT
|zPw = WPt z=2-wW ... (1)
z(1 + [w?) = w(1 + |z])
z  W|zP
= — =
| w[?
(zj z Z z
= — s — > —= —
w w w
= ZwW=zwW (2)
TR (1)
ZZW-WWZ=2—
z(zw-1)-w(wz-1)=0
z(zw —1)-w(zw-1)=0 [FFHRO (2) TAN BRA W]
= (zw = 1) (z—=w)=0 = zw =1lorz=w

10.= [f z satisfies the inequality |z — 1 — 2i| < 1, then which of the following are true.
A*) maximum value of |z| = /5 +1

B*)

C")
D)

minimum value of |z| = \E—1
maximum value of arg(z) = /2

(
(
(
(D*

minimum value of arg(z) = tan-! (%j

af z MA@ z—1-2i| <18 @ 779 § § a1 97 28—
(A% |z| BT aTferepe™ A = /5 +1

(B) |z 1 =7 A1 = /5 -1
(C*) arg(z) &1 31fdHTH A9 /2 B |

(D*) arg(z) &1 =9 919 tan~" Gj =
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Complex Number “_

Sol. max|z|=d+r= J5 +1
min|z|=d-r= J5-1

d=0C =5
r=1
B C
Sglr?ctu?;g?; A<’ gﬁhnct,;;g?g

2
0 = Z/0CX = tan-! T

1 . 1
o= /0CA =tan-' — * Sino = —

2 N3

So principal Arg of A=60— a =tan’ 2 —tan™’ %

2 —

1+1
Hindi sfead [z |=d+r= 5+ 1

A |z | =d-r= 51

N =

= tan"

=tan™ 3
4

d=0C=+5
r=1
B 'C
m I BIVIH ) ' %Wﬁ%@ Eaicd
2
0 = ZOCX = tan"' r
1 . 1
o =Z0CA =tan'— * sino=—
2 N3
T AP I BB =0—a = tan” 2—tan-1%
1
2__
—tan' —2 _tan'2
1+1 4
11. The curve represented by z = ; , 0 €10, 2n)
2+cos0+isind
(A*) never meets the imaginary axis (B*) meets the real axis in exactly two points
(C*) has maximum value of |z| as 3 (D*) has minimum value of |z| as 1
z= ;”,96[0,2@%93%635—
2+cos0+isind
(A*) BTafH 316l B B &1 fHerdn | (B*) aTIfa® 31&T B daa a1 fagall iR A 2|
(C*) |z| 1 3rfdrBaH A 37| (D*) |z| BT =g7aH A 1 8|
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Complex Number “_

Sol.

Hindi.

12

Sol.

13.

Sol.

14.n

3 3(2+cosO—isinb) . , 3.(2+cos0—isin0)
z — = +sin<0 =
2+cos0+isin®  (2+cos0)? +sin’0 5+4cos0
For imaginary axis, real part = 0 i.e. 2 + cosB = 0 which is not possible, so curve never meets the

imaginary axis
Forrealaxisimz=0 =sin6=0=0=0,n < [0, 2r), so curve meets the real axis in two points.
3_\/(2+cose)2 +(sin6)2
5+4cos6
3 _ 3(2+cos(9—isin6)+sir129= 3.(2+cos0—isin0)
2+cos0+isin®  (2+cos0)? +sin’0 5+4cos0
BIad 16T & oIy, IRafdd AT =0 37 2 + cosd = 0 T |G &I 8, AA: Ish BledId AT B HHI
& fyetar 2|
Irfdd 318 @ it Imz=0 =sin 6 =0 = 0 = 0,7 < [0, 2n), 3: Th dKIMAD AT Bl HAA Gl
favgell W @rear 2|
3.\/(2+cose)2 +(sine)2
5+4cos0
POQ is a straight line through the origin O . P and Q represent the complex number a +ibandc +id
respectively and OP = OQ. Then which of the follwoing are true :

POQ 7 fIg & S dTell U &R Y@ 28| P 3R Q &1 |93 &N : a+ibaiRc+idz dan OP =
0Q. 9 91 # & B |l T |

|z| = = 3(5 + 4 cos0)12 = |z

max — 3, |Z|min =1

N

|z| = =35+4 Cose)—1/2 = |Z|max =3, |Z|min =1

(A% [a+ib|=|c+id| (B*ya+c=b+d

(C)arg (a+ib)=arg (c+id) (D) none of these 78 | ®Ig &I
\/a'rib
(o] 0

c+id ‘

la + ib| = |(c + id)|

a+c=b+d

Leti = \J-1. Define a sequence of complex number by z,=0,z ,=z2+iforn>1. Then which of the
following are true.

e = V1. n>1 3 g afas Ge &1 te A 2, =0, 2
J9 1 § | I 9 B

=22+ gR1 IRWIAT faam S & |

n+1

(A) |Z,ge0l = /B (B*) 12,017l = 2 (C*) 25016l = 1 (D) |24l = N2
z,=1i
z,=—1+i
z,=—Ii
z,=—1+i
|22050| =1, |22017| = ‘/E’ |22016| =1, |22111| = \/E
If |z4] = |z,| = ...... = |z,| = 1 then which of the following are true.
N — 1
(A zy=—
Z4

(B |lzy + 2, + +2|= —+l+ +—

1+ 2o+ e " 2 T, T 2
(CH Centroid of polygon with 2n vertices z,, z,, ....... z, i i, ..... l (need not be in order) lies

Zy 7 Z,

on real axis.

I\
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Complex Number
(D) Centroid of polygon with 2n vertices z,, z,, ...... z, li ,....l(need not be in order) lies on
Zy 7y Z,
imaginary axis. _
AR |z4] = [2o] = oovee. =|z,| =18 @ 91 § & D=9 I B
. - 1
(AY) 2y = —
Z4
(B |z + 2, + +2z|= —+i+ +—
1+ 2o+ L 2
(C*)  2n ¥l z,, z,, ....... zn,l,l, ..... l(wﬁ%ﬁmwaﬁ)wa‘»a@amfﬁw
Zy Zp Zy
arafas 31e R Rerd 7|
(D) 2n Mt z,, 2y, ..o z, lii (369 ¥ I JAALISD Tol) D dgqol BT dadh HIUAFD el
21 2 Zy
TR Rerd 2—
Sol. (i) 2z, =1 = = a
Z4
(i) |z, + Z,....2,| = | Z; + Z5.....Z,, |
1 1 1
=|—+—++ e
z, zZ, z,
z, + 1 =2, + z; =2 Re(z,)
Z4
Centroid (375) = 2[Re(z1)+Re(22)r:- ........... +Re(z,)]
Whose imaginary part = 0
Rrq® Hreufs 9T =02 |
15. If 2cosb =x + land 2cosdp=y + l then which of the following statement can be true?
X y
* 1 * X y
(A X"+ — =2cos (nB),n ez (B*) —+==2cos (6 —¢)
x" y X
(CH xy + L1 =2cos (0 + 9) (D*) xmyn + =2cos(mb +n¢),m,n e z
Xy men
AR 20080 =x + - AX 2cosh=y+ + B, A1 P H B Do we @ w27
X y
* 1 * X y
(A x"+ — =2cos (nB),nez (BY) —+==2cos (6—¢)
x" y X
(CHxy + 1 =2cos (0 + 9) (D*) xmyn + =2cos(mbd +n¢),m,nez
Xy men
Sol. (A) x=e y=egt
X"+ ln =2 cosnd
X
B) X4+ Y _e0-94e0-9 = 2cos(6 - )
y X
(C) Xy + 1 =2cos(0+¢)
Xy
®
Resonance
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Complex Number “_

Z—Q

16.= |If

=k, k>0 where,z=x+iyand a = a, + io,, B =B, + if, are fixed complex numbers. Then

z-B
which of the following are true

. . (KB-a
(A*) if k = 1 then locus is a circle whose centre is ey

(B*) if k = 1 then locus is a circle whose radius is k(a—;f)
(C*) if k = 1 then locus is perpendicular bisector of line joining o = a, + i, and B =B, +ip,
2
(D) if k # 1 then locus is a circle whose centre is[kkg_BJ
Z_g =K k=1, S8 z=x+iy 3R a =0, +io, p =B, +if, Rer A T 8, a9 = 4
Z_
DI A B
k?B— o
(A" IfE k=18 @ g0, & g0 B Rdd d< ( kE—1 J%l
. k(o —
(B*) Afs k= 1 fa5uer, & g<1 & e &oan (_—kz)%l

(C*) afE k=11aUA, o =a, +io, 3R B =P, +iB, B AT dTell W1 BT T+ FAGISTD © |
(D) AfE k=181 A Ao, 1@ 39 2 RrmeT d= (kza_ﬁjiﬂ

k2 —1
Sol. |z -z, = r represents a circles with centre z, and radius r’
Squaring we get, 2z -2,z — 2,z + 252, —1° =0
or, zz+oz+oz+c¢ =0 represents a circle whose centre is ‘—a’ and

radius is \/aa -C.

2= off = K2 |z - P

or 7Z—o0z—az+oo =k? (zz-PBz-Pz+BP)
or 7z (1-k?) —Z (o —k?B)—z(a—k?B) + ao—kPP=0
2

Comparing with standard equation we get centre as ¢ _izﬁ and radius is

a-k*B|(a-k?B| (aa—k?BP)  |ad+k*BB—k’ap —k°ap—od +kad + kBB —k*BB

1-k2 )l 1-k2 1-k2 (1-k?)?

k2(a—B)(&—B)=‘ k _p) = [K@=B)

k?)? 1-k2 1-k2

Hindi. |z-z|=r & g9 & el axa1 @ e o= z, R 3= r 2|
T A W T U BT B, 22 -2)Z - 252 +20Z5 ~1° =0
i, ZZ+oz+az+c=0 TP g FfUd &=al & e o= —ao’ 3R
Brear Joo—c 21
|z—al =k [z—BP
il 7Z—-az—az+oo =k? (zz-BzZ—-Pz+PBP)
a1 77 (1-k?) -7 (o —k?B)—z(a—k?B) + ao—kPP=0
2
HAFS FAIGBROT I Gl B WR BH UK Bl &, Dw 0: iZB IR
® | Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
Qesonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in ADVCN - 58

‘ / \ Educating for better tomorrow ™75/ Free - 1800 258 5555 | CIN: U80302RJ2007PLC024029




Complex Number

17.

Sol.

I\

/\

[aa +k*BB —k2ap —k?ap — oo + k2ad + k2B —k*BP

o~ [[9=KB|[-KB ) (0a-K*BB) _

L 1=K L 1-K2 1-k2
k(a.—B)
1-k?

OLBOLB

_[3|=

1k2

The locus of equation Arg[
Z+3+i

(A*) centre is [ 1——+|[—+—H (B*) radius is

centres{ 9 _ % H (D) radius s ?
.
GaliE Rt 8
SalReus Il

73
|z, —2,|=]4+3]|=5
Letz, =1+2i ; z,=-3-i

OA = OB =rand given that ZAPB =§

j g represents part of circle in which

j:ﬁaﬂﬁr—ggw I B M BT A bRl & O

(D)f%mn@%ﬂ

Educating for better tomorrow

= ZAOB = 2%
3
5 5
= OM=—— andAO =r= —.
2\3 3
Now  Arg(z -z,)=tan™ (%j
and point M=212% [ 4,1
2 2
slope of the line OM = /14 =-4/3
tan 6 = —4/3, sin 6 = 4/5, cos 6 = -3/5
So, Point O is X =X, + OMcos 6
® | Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, K
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Complex Number “_

y =Yy, +OMsin®
23\ 5 2
-t (Y- 12
2 28\5) 2 B
So, Point O (centre of the circle) is
S
NE)

Hindi

|z, —2,|=]4+3]=5
Az, =14+2i z,=-3-i

OA=0B =raR four 2 AAPB:g

= ZAOB = %

5 5
= OM=—"_ 3RAO =r= —
23 J3

39 Arg(z,-z,)=tan™ [—j

ok fag M= 22 =[-1+%)

AW

2

GgT OM & YqurdT = _—1=—4/3
3/4
tan 6 = —4/3, sin 6 = 4/5, cos 6 = —-3/5
s fag 0%,
x =X, + OMcos6
y =Yy, +OMsin®
23\ 5 2

y_l+i(ﬂ]_l+£
2 28\5) 2 B

Educating for better tomorrow |75 Free : 1800 258 5555 | CIN: US0302RJ2007PLC024029
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Complex Number “_

18. The equation ||z + i| — |z —i|| = k represents
(A*) a hyperbolaif 0 <k <2 (B) a pairof ray if k>2
(C*) a straight line if k =0 (D*) a pairof ray if k=2
THER ||z + i — |z — i]| = k URT H=eA & —
(A) & famRaeT afd 0 <k <2 (B) T& fbvur g Ife k > 2
(C) Toh WRal ¥&1 Afck =0 (D) T& fdxor g Af k=2
Sol. |lz+il-|z-i|]l=k
for 0 < k < 2 its hyperbola having foci as i & —1i.
for k=0 |z +i| = |z —i| which is perpendicular bisector of line joining i, — i
for k=2 apairof ray.
Hindi. ||z+i|—|z=i|| =k

% oy 0 < k < 2 sffoRaera foraa Tt i & — .
% g k=0 |z+i|=|z—i], 18R —i P ST g1 T BT o9 FAGHD 2 |
& fow k=2 US fawo g 2|

|

19. The equation |z —i| + |z + i| = k, k > 0, can represent
(A*) an ellipse if k > 2 (B*) line segment if k = 2
(C*) anellipse if k =5 (D*) no locus if k = 1
AR [z —i| + |z +i| = k, k > 0, TSR H=T 8—
(A) T <regd afs k> 2 (B) XETETS A k =2
(C) T <TEigel Al k = 5 (D) ®1¢ f=guer =& Afe k = 1
Sol. Put Z=X+iy
2 2
= Z + y =1
k2-4) (k?
4 4
ifk>2 = ellipse
if O<k<2 = hyperbola
if k=2 = x2=0
= ly=1|+ly+1]=2
= -1<y<1

Hence z=x+iylieson
Hindi z=x+iy &1 ®

ine segment joining —i and i

= x° + y2 =1
k? -4 k2
it
I k> 2 = Srefga
Ife O<k<?2 = R
Ifg k=2 = x2=0
= ly=1|+|y+1]=2

Q ® | Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
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Complex Number

20.=

Sol.

Hindi

21,

Sol.

Hindi

= —-1<y<1

A z=X+iy, —i 3R i B A aTel I@RIvS W Rerd B |

/\

If |z,| = |z,| = |z,| = 1 and z,, z,, z, are represented by the vertices of an equilateral triangle then

(A)z,+2,+2,=0
*
(C)zz,+2,2,+2,2,=0

A |z,| = |z,] = |z,| = 1 B TN U |qHaTg YT & oMY 2z

(A)z,+2,+2,=0

(C)zz,+2,2,+2,2,=0

All the three vertices lies on circle |z| = 1
take z, = z2,, 2, = 2,0, Z, = Z,®?

SO z,+Z,+2,=2(1+o0o+ o) =0
z2,2,2,=27 .. (i)
2,2,+2,2,+ 2,2, =2° (0 + ® + ?) =0
ifz,+z,+2z,=0thenz®+2? + z3=322,2,
from (i) z® + 23 + z2=3z°

z3+2°2=227°

hence proved.

A1 o g9 |z) = 1 oR Rerd B
2,=2,2,=2,0,2,= 2,0% o W

Az, +2,+2,=2(1+0+0?) =0
22,2,=22

2,2,+2,2,+2Z, =2* (0 + ®® + ?) =0
U z,+2,+2,=079 22 +22% + 23=3z
()q z2+22 + 23=323

z3+22=227

sfafigq

Let z,, z,, 5 be three distinct complex numbers satisfying,

1 2223

(B) z,z,z, =1

(D*) 2,2+ 23 =227

z,, z, 8 d —

17 727 73

(B)z,z,z, =1

17273
*
(D*) 2,2+ 23 = 2z,

211 =|z1] = [z-1]=1. LetA,B& C

be the points representing vertices of equilateral triangle in the Argand plane corresponding to z;, z,
and z; respectively. Which of the following are true
e FHeRe | z,-1| = |z-1] = [z;-1] = 1 @1 Fg=e F aeh = - afas St z,, 2,
Z, % | TAT INITS FHAA H 24, 2p, 2, D A [975 HA: A, BTG C 2| A, B, C Fwa1g Brgst & o 8, @

fore1 7 Q4 o 99 8-

(A*)z,+2,+23=3

33

(C*) area of trianglef3si ABC &1 &F%hd = — —

lz, = 1| =|z,— 1] =|z; - 1|

1 is circumcentre of AABC

i Zi+2,+24
3

so AABC is equilateral

2_52 2 2
(Zy + 2, + 2,)° = 242 + Z,° + 25° + 242, + ZpZ5 + 2324

Iz, =1 =1z, = 1] = |z, - 1|

1, AABC &1 uRgxd= 2§ |

(B z2+2,2+22=3

D)z.z, + 2,2z, + 2,2, = 1
14g + £o23 + 2324

=1 = 1 is also centroid of AABC

ofy ZF%2*% 4 1, AABC &1 B ) & |

3
31d: AABC GHTg AR |

I\
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Complex Number
22 If1, 04, 0y, ag,......., o, _ 4 be the nt" roots of unity, then which of the following are true
AT 1, 0y Gy, Olgyevnesy Oy 4, SPIS B NA A & | Tq 77 § P T2 2—
(A% 1 + 1 Foeeens + 1 =_n—1
-0y 1-0, 1-04 2
(B) (1 —ay) (1—o0p) (1 —0g)e.e. (1-a, 4=n
(C) 2—0ay) (2-ay) (2—0g)...cu.. 2-a, 4=2"-1
(D) 1 + 1 +oeen + 1 _n
1-0y 1-0, 1-0,4 2
Sol. (z-1)(Zz-a,) (2= 0) ceerrens z-a,_)=2"—1 (1)
n_
Limit (2= a,) (2= 0) o (2= ) = Limit = =n
z—>1 z>1 Z—
hence (1 — o) (1 —ay) (1 —ag)........ (1-a,_4)=n
put z = 2 in equation (1) we get (2 — o) (2 — ap) (2 = atg)........ 2-a,_ ¢)=2"-1
(z=-1)(z-a) (z-a,) ........ (z—a,_)=2"-1
(z—a,)(Zz—0) ..cc..e. (z—a,_)=1+z2+22+ ..+ 20"
take log on both sides we get
log(z — a,) +109(z — a,) +........... +log(z—a)=log(1+z+...+2"")
differentiate and put z = 1, we get i .
1-ay 1-0a, 1-a, 2
HINDL. (z-1)(z-a,) (Z—0,) «..ec... (z-—a,_,)=2"—-1 (1)
n_
Limit (z=a,) (=) ... (=0, ) = Limit 2— =n
z—->1 z—>1 zZ—
T (1—ay) (1= o) (1= tg)ereennne (1-o,_4) =n.
z = 2% WR FAPRY (1) F (2 - 0y) (2 - 0tp) (2 = 0g)ennne 2-a, )=2"-1
(z=-1)(z-a) (z-a,) ........ (z—a,_)=2"-1
(z—a,)(Zz—0,) ..cc..e. (z—a, )=1+z2+22+..+20'
I TR log o R
log(z — a,) +10g(z — o) +...eeee t+log(z—a ) =log(1+z+...+2"7)
S BB AR 221 @Y Wb N
—0L1 1_(12 1_(ln 2

23.»

Sol.

Which of the following are true. /=1 # | ST 9 &—

(A*) cos x + "G, cos 2x + "C, coS 3X +..... + "G, cos (n + 1) x =2". cos" — cos( 5 j

(B*) sinx +"C, sin 2x + "C, sin 3X +..... + "C_ sin (n + 1) x = 2". cosn —.sin (

(C*) 1 +"C, cosx + "C, coS 2X +..... + "C, cos nx = 2", cos”%. cos (n?x)

(D*) "C4 sinx + "C, sin 2X +..... + "C sin n x = 2". cos“%. sin [n?xj

Consider | 1% (A, B)
(cosx + i sinx) + "C, (cos2x + i sin2x) + "C, (cos3x + i sin 3x)
+ o + "G, (cos(n+1)x +isin(n+1)x)
= (cosx + i sinx) [1 + (cosx + i sinx)"C, + (cos X + i 8iNx)2"C+ ........ +"C_ (cosx + i sinx)"]
(cos x +isinx) [1 + (cosx + i sinx)]"
(cosx +isinx) [1 + (cos x + i sinx)]"

I\
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Complex Number “_

n
= (COS X + i sinx) 2005i cos§+isin5
2 2 2

= (cos X + i sinx) | 2" cos" X[ cos ™ 4isin X
2 2 2

= 2"cos" % {cos[% + xj + isin(%)x}

Compare the root & imaginary parts we have (a) & (b) relation
Similarly C & D
fa® Td BIede AF B o B W F== (a) T (b) I B |

24, If o, B, y are distinct roots of x3 — 3x2 + 3x + 7 = 0 and ® is non-real cube root of unity, then the value of

o-1 B=1 71 can be equal to :
-1 y-1 a-1

A o, B,y TR X — 3x2 + 3x + 7 =0 B -9 qd B TA o SHE &1 A 99 B

o1 BT, 71 o o w2
-1 y-1 a-1
(A) o? (B) 207 (C*) Be? (D) 30

Sol. (x-12=-8 = X—1=-2, 20, —2c?

A _ _ 2
= Required equal to ¥ HF 2 + 20)2 + 2% =3w® or 3o
20 20 -2

25.= If z is a complex number then the equation z2 + z | z| + | 22| = 0 is satisfied by
(o and @? are imaginary cube roots of unity)
(A)z=kwowherek € R (B*) z = k ®? where k is non negative real
(C*) z = k ® where k is positive real (D) z = k ®® where k € R.
IS 2 g V) aftas dar § ot IR 22 + 2 [ z] + | 22] = 0 ) Wge axdl ® o
(0 3R @2 SHE & B g9 & )
(A) z=k o T8l k € R (B) z=k @? 5T&l k FEITHS IR<ID ¥ |
(C) z=k o W&l k gTH® IRANSD & | (D)z=k w2 &k € R.

Sol. z=re®
r2€i62 + r2eie + r2 r 0
rrle®+e%+1]=0

0= 2N
3 3
z=ko ora1 ke’ where ST&f k>0

26.» If ais imaginary nt (n > 3) root of unity. Which of the following are true.

>
I o THIE BT BIedd ndi (n>3) o & A1 99 # 9§ S 99 58—

n-1 n-1

no . 2rm N T

A* n-ro =—- B* n-r)sin—= —cot— .
(W) 2 - =570 ()Z( )sin=== 7 cot_

n-1 n-1
(C* (n-r) cos 2m__n (D) » (n-r)a" = n

r=1 n 2 r=1 1-a

Sol. Let S=(n—-1a+(N-2)02+...... +on -1

aS =’ +(N="1)a2+....... +20"1 4+ on
(1-a)S=n-Na—-a?2—ad—.... an~T—qa" (as oM =1)
=no—(1+a+.... +oan- 1)
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Complex Number
g= %
1—a

Hindi.

27. %

Sol.

I\

2n,

If a= eTI and comparing imaginary parts

1 n(cos 2n +isin 27t) 2" i
S _(2rn n n ne n nen
Z(n—r)sm — |=1Img =Img| —— | =Img
n 2n . . 21 2 . (m
r=1 1-cos——isin— 1_en —2isin| —
n n n

A S=N-1)a+(N-2) o+ ....+a"

aS = +(n—-"1a2 +....... +2an =14+ N
(1-)S=n-Na-a?—ad—..... —a"-1—qa" (as a" = 1)
=no—(1+a+..... +an-1)

g- %
1-a

2.
A q=en AR BIARF AT B qEAT T W

2n . . 2«n 27TB w
n(cos—— +isin—) : '

= 2rn ne n nen
Z(n —r)sin[Tj =Img N n_—Img|———— | =Img| ————
r=1

1 2n . . 2rn i2n
—COS?—ISII’\T 1—en

Which of the following is true?

(A*) Number of roots of the equation z'? — z5 — 992 = 0 with real part positive = 5
(B*) Number of roots of the equation z'0 — z5 — 992 = 0 with real part negative = 5
(C*) Number of roots of the equation z19 — z5 — 992 = 0 with imaginary part non-negative = 6
(D*) Number of roots of the equation z10 — z5 — 992 = 0 with imaginary part negative = 4

=1 9 & BN w 2?

(A*) THHROT 210 - 25 -992 = 0 & Hell B! el 5 8l Rd aRafdd HFT =1 ¢ |
(B*) AHIRTT 210 - 25 - 992 = 0 & H{all @ F&AT 5 &M o arfad 91T FOMHD 3 |
(C*) TR 210 - 25-992 = 0 & HAl &I | 6 RN TS BIAH W IFFIMAD ¢ |
(D*) FHIHRT 210 - 25-992 = 0 & i &I | 4 BN fT9® Hreufd W RS € |

z10_-25_-992=0
2% =32 or z° = -31

2rn

( rm . . j
Z=2.|C0S— +iSin—
5 5

r=0,1,2,3,4

for n = 2,3 roots have negative real part.

z5=-31
]

z= (315 {cos(Zr +1) g+i sin(2r +1) g}

®
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Complex Number “_

Hindi.

r=1,2,3 = roots have negative real part
5 roots have negative real part.

z10-25-992 =0

z5 =32 or z5 = -31

( 2rm . . 2rn
z=2. | Ccos— +isin—
5 5
r=0,1,2,3,4
n=2,3% foI gell & FoTHe arafad Wi 2 |
z5=-31

]
z= (318 {cos(2r +1) g+i sin(2r +1) ﬂ

r=1,2,3 = Tl & ROMHAS KD 9T & |
57l & UMD arIad 9 2 |

PART - IV : COMPREHENSION

AT - IV : 3TJTE (COMPREHENSION)

Comprehension # 1 (Q. No. 1 - 2)

FIWE # 1
Let(1+x)"=C,+Cx+Cx2+....... + C xn. For sum of series C, + C, + C, + ......... , put x = 1. For sum of
series C,+C,+C, + C, + ........ ,orC,+C,+C, + ... add or substract equations obtained by putting
x=1andx=-1.
For sum of series C, + C, + C, + ........ orC,+C,+C, + ... orC,+C,+Cy+ ... we subsitute x = 1,

1=

2.n

Sol.

X = o, X = @ and add or manipulate results.
Similarly, if suffixes differe by ‘p’ then we substitute p* roots of unity and add.
A (1 +X)"=C, + Cx + C,x% + ....... +Cx". 30 C, +C, + C, + wovrene ,® AN & o) x = 1 Ear g

Sl Cy+ C, + C, + C; + ooveene , I C, + C, + C, + e S A B ol x=1Td x =— 1 3@ § 9y«
FAIHRON Bl Sirsd I °eid 8 | H C, + C, + C, + v A C,+C,+C, + ... A C,+C,+Cy+ ... P
AN B fold 81 x =1, x = 0, X = @ URAAG HRA 2 3R RV &1 91 Td R od & | 31 o af}
eI HT IR ‘p BT & Al &H SHIE A pd Hall Bl yfoRefid &vd g R a1 @d 2|

Co+Cg+Cq+Cg+...... =

A) 12" —2c0s™® | By 12" 1 200s"E| (0) L 2" —2sin2| (D) 1|24 2sin 2T
3 3 3 3 3| 3 3
Ci+C5+Cgy+.... =
(A) + |20 _on2pces T (B) & |27+ 220005 "T
4 4 4 4
(C) % on —2"/223in%“} (D*) % {2" +2”/22sinn7j
(1,2)
1. (1+x)"=C,+Cx+Cx2+Cx®..........
2»=C,+C,+C,+C,............ ... (1)
(1+0)=C,+C,o+C,0?+C,0*......... ... (@)
(1+0)=C,+C,0?+C,0*+C, 0®.......... ... (3)

on adding (1) + (2) + (3) SiIeq ™
22+ (1+ o)+ (1+0?)=3[C,+C,+C, ....... ]
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Complex Number

(1+x)=C,+Cx+
putx = 1 3@ W

putx = — 1 7@ W
put x = i I&H W)

put x = — | IE9 TR
Now 319 (1) — (2) -
4(C, + G, + G,

i(

Comprehension # 2 (Q. No.
As we know e® = cos6 + isinf and (cose, + isind,).(cos0, + isinb,)

Cx2+Cx®+Cx*+Cx®+ C X6 ...
=C,+C,+C,+C,+C,+C,+C,+C,+C,
0=¢C,-C,+C,-C,+C,-C,+C,-C, +C,
(1+i =C,+iC,-C,-iC,+C, +iC,-C,—iC, + C,
(1-i)r=C,-iC,-C,+iC,+C,-iC,-C, +iC, + C,
3) +i(4)
=2 —0—i(1+i)"+i(1 —i)

1
=2+ (=N [0 ) (1-1ir]
=2+ (—i) [(1 1—|“]

— j2m2 [e —-e }
=2n—j2v2  2isin [—j
4

_ 1 o0y on2 oginNE
4 4

3to6)n

+
+
nm

4 4

0s(0, + 0,) +isin(6, +6,)

Toll Free : 1800 258 5555 | CIN: U80302RJ2007PLC024029

Let o, B,y € R such that cos (o —B) + cos (B —y) + cos (y— a) =— %
3. ¥ sin (e + B) =X cos (a+B) =

(AM0 (B)3cosa cosp cosy (C)3cos (a+ B +7) (D)3
4, >cos(2a—B —v)

(A)O (B)3cosa cosp cosy (C)3 cos (o + B +7) (D")3
5. Ycos3a=

(A)O (B)3cosa cosp cosy (C*)3cos (a+ B +7) (D)3

3
6.  If0eRthen 2005 (0+a)
ITcos(6+a)

(A)O (B)3cosa cosp cosy (C)3cos (a+ B +7) (D"3
IJHT #2(Q. No. 310 6) =

SEIRELACIE i

e = cos0 + isin® and (cos0, + isind,).(cosb, + isinb,) = cos(0, + 6,) + i sin(0, + 0,)

AT o, B,y € RS9 UHR B f& cos (o —B) + cos (B —y) + cos (y — a) =3
3. ¥ sin (o + B) =X cos (o + B) =

(A0 (B)3cosa cosp cosy (C)3cos (a+PB +7) (D)3
4, >cos(2a—B—vy)

(A)O (B)3cosa cosp cosy (C)3cos (a+P+7y) (D"3
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Complex Number “_

Sol.

Hindi.

¥cos3a=
(A)O (B)3cosa cosp cosy (C*)3cos (a+B +y) (D)3
3
ITcos(6+a)
(A)O (B)3cosa cosp cosy (C)3cos (a+ B +7) (D"3
Given identity — cosa. + cosP + cosy =0

= sina + sinf + siny
Let a = cosa + i sina, b = cosP + i sinp,
C = Cosy + i siny = a+b+c=0 =

1+l+l= (~ aa=1)= ab+bc+ca=0

|
+
Tl
+
ol
Il
o

= gile+P) 4 gilB+7) 4 gilv+o) = Q :ZCos(ochB) =0and Zsin(owrﬁ) =0
= (A) > P

a+b+c=0 = ad + b3 + c® = 3abc
equating real and imaginary parts, ZCOSBa =3cos(a+B+y) and
= (C)—>(n
( a® b? c®_a’+b’+c® 3abc _,
@ bc ac ab  3abc  abc
nZcos(Ra—-B—vy)=3 - a+b+c=0
eiv 4 gif 4 e = Q 4 gile+0) 4 gi(B+6) 4 gilr+6) =
= D cos(a+6)=0 = D cos®(a.+6)=3 ITcos(a + 0)
= (D) = (s)
g = cosa. + CoSP + cosy = 0

= sina + sinf + siny
T a =cosa + i sina, b = cosp + i sinp,
C = cosy + i siny = a+b+c=0 = a+b+c =0
1 1 1

— —+—+—=0 (- aa=1)= ab+bc+ca=0
a b c

= eil@+B) 4 giB+7) 4 gilv+o) = 0 :Zcos(a+[3) =0and ZSin(a+B) =0
= (A) > P

. a+b+c=0 = as + b3 + ¢3 = 3abc
IRAfAP T BredH A B G BRA R, ) cosBa =3cos(a+B+y) IR
= C)—(n
a® b?> ¢ al+pb®+c® 3abc
() —t—+—= = =3
bc ac ab 3abc abc
~Xcos(Ra—-B—-vy)=3 - a+b+c=0
= D cos(a+6)=0 = > cos®(a.+0)=3 Icos(a + 0)

= (D) > (s)

Comprehension # 3(Q. No. 7 to 8)

ABCD is a rhombus. Its diagonals AC and BD intersect at the point M and satisfy BD = 2AC. Let the
points D and M represent complex numbers 1 + i and 2 — i respecetively.

If 0is arbitary real, then z = re®, R, <r < R, lies in annular region formed by concentric circles
lz|=R, |z| =R,

2

I\
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Complex Number

7. A possible representation of point A is
[ [ 3. 3.
A*)3- — B)3+ — )1+ = D)3- =
(A)3- 5 (B)3+ 5 C)1+ i D) 3-Ji
A(z)
B g_l) D1 +1)
Sol. c
. in .
z—(2—.|)_1 e 2=+ L = z=1-3 or(@m 3- L
-1+ 2i 2 2 2
8. If z is any point on segment DM then w = e’ lies in annular region formed by concentric circles.
(A) |W |min = 1’ lemax = 2 (B*) | w |min = g’ I |max =€
1 ) 1
CW ==, IW|,=e (D) IW =5 [W =1
e 2
Sol. Ifargz=06, |z|=r

D(1+i)[\,argz = %J

S

5
M(2—i) {
(argz - —tan”’' %/‘
For point M
. —1
r=+5,sin0= —
N
For point D
r= J§ , Sind = %
|W| = e—rsine

max. |w| = e_ﬁ[%‘J =e
1

min. |w| = e 2 _et= =
e

B (I3 HE& 7 4 8)

ABCD T& |FdagHs & 3da fd®ui AC @ BD fag M W ufdesfed &= 8 ik BD = 2AC. 91 fag D &R

M affqs | 1+ 3R 2 — i &1 Ha: yeRid axd 2|

e 0 Wes IIfa® ©, A1 z=re?, S8 R, <r<R,,q dbfad <l |z|=R,, |z| =R, & 77 Rerd 2|

7. fag A @1 9w1g yeeie 32—

(A*)S—% (B)3+§ €)1+ i (D)3~ i
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Complex Number “_

D(1 +1i)

Sol. c
z—(2-i) _

1
142 2

L

e 2=4%

T

N —
N

8. e zY@@vs DM W 315 a5 & A w = e 19 Fa=1 gal & 7&9 &1 91 § d o—

(A) W [ =1, (W] =2 (B") |w|

min max

=e

min = g’|w|max

1 1
(C) [w] =e—2,|W| =e? (D) [W = 55 W] =1

min max min E’
Sol. 3k argz=0,|z|=r

D(1+i)[;argz = %j

5
N

M(2-i)
p 4
Largz =—tan Ej

fflg M & foig
r=\/§,sine=_—1

5
fg D @ forg

r=2,sin0= =~

|W| = e—rsine
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Complex Number

Comprehension # 4 (Q. No. 9 to 10)
Logarithm of a complex number z = x + iy is given by
logez = log,(x + iy) = log,(|z|e") (where 6 = arg(z))
=log,|z| + log,.e”
=log, |z| +i0

=log, \/(X* +y*) +iarg(2)

log,(z) =log.|z| +iarg(z)

In general log, (x +iy) = % log, (X2 + y?) +i (2nm + arg(x + iy)) where n € 1.
9.m  Write log, (1 ++/31i) in (a + ib) form

(A*) 10g,2 + i(2nm +§) (B) log,3 + i(nm +§)

(C) log,2 + i(2nn +%) (D) log,2 + i(2n=n —g)

Sol. log, (1+ 1) =log, [2 ei[3+2m)J —log, 2 +i (g+2nn)

10.=  Find the real part of (1 —i)-\.

(A) e +2m cos (%Ioge 2} (B*) e™4+2m cos (%Ioge 2}

(C) e#+2mcos (log, 2) (D) e2+2m cos (%Ioge 2)

Sol. Letz=(1-i)". Taking log on both sides,
log, z = —ilog (1 —i)

=—ilog, V2 (cos%—isingj = —ilog, (/2 e-i=/#)

1

it
—log. 2-—
> Je

1 ,
=—i |=log.2+log. e™* |=—i

T
=—log 2- =
} %77

= Re(z) = e +2 cos (%Ioge ZJ

ITBIH#4

At G B g fear T 2

logez = log (x + iy) = log (|z|e®) (ST&T 0 = arg(z))
=log,|z| + log_e®
=log, |z| + 16

=log, (x2 + y2) +iarg(2)
log.(z) =log.|z| +iarg(z)

e H log, (X +iy) = % log, (X2 + y?) + i (2nm + arg(x + iy)) STef n e 1.

Educating for better tomorrow |75 Free : 1800 258 5555 | CIN: US0302RJ2007PLC024029
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Complex Number “_

95 log, (1+ f3i)# (a+ib)® wT & fory

(A") log,2 + i(2nm + g) (B) log,3 + i(nm + g)

(C) log,2 +i(2nm + g) (D) log,2 + i(2nm — g)

Sol.  log, (1 + JBi) = log, {2 ei(smnj] =log, 2 +i (g+2nn)

10, (1 —i)" &1 IR}AMAS 9T S DI

(A) ev4+2m cos (%Ioge 2) (B*) e +2w cos (%Ioge 2)

(C) e+ cos (log, 2) (D) e2+2n cog (%Ioge ZJ

Sol. ®MIz=(1-i)". Ml &% log, z=—ilog (1 —i) o W
log, z = —ilog (1 —i)

=—ilog, V2 (cos%—isin%) = —ilog, (/2 e-i=/4)

.1 i | it T
=—i |=log,2+log,e™* |=—i | =log, 2~ |=—-log, 2 — — = =ee 2

= Re(z) = e +2™ cos (%Ioge 2

e
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Complex Number “_

-
J

PART -1 : JEE (ADVANCED) / lIT-JEE PROBLEMS (PREVIOUS YEARS)

AT - | : JEE (ADVANCED) / IIT-JEE (fUoet auf) & yeq

= Marked questions are recommended for Revision.
* Marked Questions may have more than one correct option.

* fafeed o9 T @ I ) fAeeT g y R -

1"

Sol.

I\

Let z, and z, be two distinct complex numbers and let z = (1 —t) z, + tz, for some real number t with
0 <t < 1. If Arg(w) denotes the principal argument of a nonzero complex number w, then

A 6 z, T 2, A =1 |fHs GEg € den f5 arafds S t, o)l 0<t<1, & faw z= (1 -1) z,
+1z, 8| AR B YRITR (non-zero) AfFs F&IT w d ol Arg (W), w & U@ SIS $I S0 8, dl
(AM |z=z| +|z=-2,)| = |z, — Z)| (B) Arg (z—2z,) =Arg (z—-1z,)

z-z, z-1Z

(G _ _|=0 (D*) Arg (z—2z,) = Arg (z,- 2,)
z,-2, Z,-2
[IT-JEE-2010, Paper-1, (3, 0)/84]
A t B 1-tC
® o °
(A) lz-z|+|z-2)|=|z, -2, Z z Z,
AB + BC = AC
7|Z2
(B) Arg(z-z)-Arg(z-2z)=m 1
z z 1 P—
(C) z, z 1|=0 A
z, z, 1

z-z, z-z; O
z,-2, z,-z, 0]=0
z, Z, 1
z-2z, z-2z
Zi=2, 21_22

(D) Arg(z-2z)=Arg (z,-2,) 1

Let ® be the complex number cos 2n + i sinﬁ. Then the number of distinct complex numbers z

2

z+1 ® 0}
satisfying | o z+o® 1 =0 is equal to [IT-JEE-2010, Paper-1, (3, 0)/84]
0% 1 Z+o
» » z+1 o o’
Wﬁ?m=cos?n+isingwwfﬁwm%,a‘f o z+0® 1 | =0 @ uge
o’ 1 z+o

grel el faf=1 affas At z & 9w 2 |
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Complex Number

Ans. 1
Sol. ®=cos 2n +isin 2
3 3

R; > R{+R,+R3

zZ o 0%
z z+0® 1 =0
z 1 Z+o
z=0
1 ® o’
0 z+0° -0 1-0° =0
0 1-o Z+o—o

(z+0?2-0)(z+o0—02)—-(1-0)(1 -—0?) =

z2=0
only one solution &9 & &

=

0

z

KN Match the statements in Column-I with those in Column-II.

[Note :
imaginary part and the real part of z.]

Column-|
(A) The set of points z satisfying

|z—i| z|| = |z + i|z|| is contained in
or equal to

(B) The set of points z satisfying
|z + 4| + |z— 4| =10 is contained in

or equal to

(C) If |w| = 2, then the set of points z = w —
is contained in or equal to

(D) If |w| = 1, then the set of points z =w +

is contained in or equal to

Ans. (A)-(q,r), (B)-(p), (C) - (p,s;t), (D) - (q,r.s,t)
Pied -l § feT U

g|=

==

Here z takes values in the complex plane and

()] ()]
1 z+e0® 1 | =0
1 Z+o

[IT-JEE-2010, Paper-2, (8, 0)/79]

Im z and Re z denote, respectively, the

Column-lIl

(P)

(t)

gJaTe w1 B -l § Ry gaaedt & gaat a |

an ellipse with eccentricity %

the set of points z satisfying Imz =0

the set of point z satisfying |Im z| < 1

the set of points z satisfying |Re z| < 2

the set of points z satisfying |z| <3

[F1e: z 981 I H§ A oIl 8 Ta Im z 921 Re z %1 2 & Hled(=dh Yd aIfdds HFN &1 qerid 2]

e -l

DI -l

(A) lz—ilz|]| = |z +ilz|]| DT FFE A aqTA z (p) Icd=cl %wé’rﬁqﬁ

BT T AT T IR &—

(B) |z +4|+|z—4 =10 P EI< A a1 2(q)lm z = 0 B I HI Tl FH 2z BT T

BT T AT T IR B—

(C) IS |w| =271 W8 I 2 H FF=d fF (1) |Im 2| < 1 DT FI< B el 91 z B Fg==d

z=w—l J=fdse T aRTER o—
w
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Complex Number

/\

Sol.

Hindi

(D)

(A)

(B)

(C)

(D)

(A)

(B)

aﬁ|w|=1a#z=w+%ﬁﬂ§waﬂﬁrzna (s) |Re z| <2 B AJE BT aTd T z B
e

|t z F1 G AT AT WER 5

() |z <3 @ AT FI ATl FH 2 BT T

lz =il z[| = |z + i[z|

= X+iy =i X +y? [=x+iy +i X+ | = x4 (Y=Y =X+ (y+X°+y?)?
= 4y fx2+y2 =0 = y=0=Imz=0

|lz+4|+|z-—4]=10

P, y)
A
S (4,0)| s4,0)
Ellipse with2a =10 = a=5
4
ae=4 - e= —
5
Let w = 2(cos6 + isind)
z = 2(cos0 + isin®) — w
3cos0+5isin6 3cos6 5sin6
= — X = ,y =]
2 2 2
2 2
- X + y =1 e= i
9/4 25/4 5
2 P2 P a2
2] = JQcos 0 25sin°0 _ J9+1esm 0 _ f§+4sin2es§
4 4 4 4 2

|Re z| = gcose Sﬁ
2 2

Z = c0S0O + isin® + cosO — isin® = 2 cosO
szl 2

~ Im(z) =0

(Re z) = |2cos 0| < 2

|z| <2

Iz =i z|| = [z +ilz]|

= x4iy =i Xy =X +iy +1 Xy | = x4 (Y= XY P = x4 (Y + X +YP )
= 4y ¢x2+y2 =0 =>y=0=>Imz=0

z+4|+|z-4[=10

g & fog2a=10 = a=5

I\
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ae=4 > e=i
5

(C) HIET w = 2(cos + ising)

z = 2(cos + isin®) — (cosb—isinb)

2
3c0s0+5isin® 3cos6 5sin®
= — = X = ,y=
2 2 2
2 2
N S e=i
9/4 25/4 5
2 P2 .
2] = chos 0 25sin°0 _ J9+165m 0 _ f9+4sinzes§
4 4 4 4 2

|IRe z| = gcose SE
2 2

(D) Z = cos0 + isind + cosH — isind = 2 cosO

oozl <2
~ Im(z)=0
(Re z) = |2cos 8| < 2
|z| <2
4, If z is any complex number satisfying |z — 3 — 2i| < 2, then the minimum value of |2z — 6 + 5i| is
A IRTY & z BIS A3 F&=a1 (complex number) ® /@ fod |z -3 - 2i| <29 B 1 a1 |22 — 6 + 5i
HT gATH A 2 | [IT-JEE 2011, Paper-1, (4, 0), 80]
Ans. (5)
Sol. |2z-6+5i|=2 z—[ —%j‘
N 5
for minimum = 2 x - 5

Hindi |2z -6+ 5i| =2

=

WW?E%Q:zxg:S
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N | o

-9

i
5. Letw= e®,anda, b, c, X, y, z be non-zero complex numbers such that
a+b+c=x
a+bo+ce?=y
a+bw+co=2z

Then the value of IXP+lyP+lzP
laf? +|b? +|c P

AT © = e%I ,a,b, ¢, Xy, zYITR (non-zero) A (complex) &AW & e ford

a+b+c=x
a+bo+ce’=y
a+bw?+co=2z [IT-JEE 2011, Paper-2, (4, 0), 80]
2 2 2
W§Im|x|+|Y|+|Z| &

laf +|bf +|c [
Ans. Bonus (w = €™ is a typographical error, because of this the answer cannot be an integer.)
(if w = then answer comes out to be 3)

Ans. Bonus (w = €™ eEfiT FfT &, o SR guife o<t R 8 Havan)

@ w = ei% 9 SR 3 37T ®)

Sol.  solets assume o = €°¥?, then the solution is following
a+b+c=x
a+bo+ce?=y

a+bw?+co=2

IXP+lyP+lzP XX + yy + zzZ

laP +|bP+[cl  [aP+|bf +|cf

_(a+b+c) (@+b+c) + (a+bo+ce’) (a+bo’+cw)+(@a+bo’+cw) (a+bw+cw’)
B laf? +|bf +|c

_ 38 (JaP+IbP+]cP)

~ laP+|bP +]cP
Hindi AT 0= %% o9 R & 1 2

a+b+c=x

a+bo+ce?=y

a+bo+co=z

IXP+|yP+1zP  xx + yy + zz

laP +|bP+[cf  |aP+[bf +|cf

_(a+b+c) (@+b+c) + (a+bo+ce’) (a+bo’+cw)+(@a+bo’ +cw) (a+bw+cw’)

B laf +[bP +|cf

3 (laP+IbP+lcl) _
lal’ +]bf* +]cf
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Sol.

Hindi

7=

Sol.

Let z be a complex number such that the imaginary part of z is non zero and a = z2 + z + 1 is real. Then
a cannot take the value [NT-JEE 2012, Paper-1, (3, -1), 70]
A {6 2 g |fas g © e Sreafie 91 Y T8 B iR a=22+2z+ 1 ISP § | 99 98 AM

S a &l of gal, e B
(A) -1 (B)

Ans (D)
Here z2+z+1-a=0

—11\/43—3

2

©) (W)%

w|—=
| =

= Z=

Here a=# % otherwise z will be purely real.

AI’lS (D)

Tl 2+z+1-a=0

—1+4a-3

2
aﬁaigmmzﬁ"{@aﬂﬁﬁ?ﬁg‘rml

= Z=

Let complex numbers a and ; lies on circles (x —X,)2 + (Y —Y,)? =r2and (X — x,)? + (y —Y,)? = 4r?,
(0

respectively. If z, = x, + iy, satisfies the equation 2|z |> = r* + 2, then |a| =
AITh AR SN o T ; AT G (X = X )2 + (Y = Yo)2 = PP TAT (X — X,)2 + (Y — Y,)2 = 4r2 TR Rerq
(04

g1 AR 2, = x, + iy, THBROT 27,2 = 12 + 2 B AYEC P 8, 79 |otf =
[JEE (Advanced) 2013, Paper-1, (2, 0)/60]

A — B) — CH) —= D) —
(A) 72 (B) 5 ( )\/7 ( )3
(C)
|z—2z)=r
|lz—2z]|=2r
o —z,| =

1 =~ 2

——2Z)| =2r ooa=a]

(03

(03

———Z| =2r

|O(|2 0
(a—2) (a_io) =r = laP-z,0 —azy +|z,2=12

o O = laf  za Zo

—=Z ——2Z, | =4 = - - + |z,|? = 4r?
@aF °Jﬁaf °J o Taf jaf %
1- 2,0 = Zyo + |2, |af? = 4r|af? = (lo?] = 1) + [z,* (1 = |at?) = r2 (1 — 402)

2
ww—1)@—r+2j=ﬂu—4mm
(lof? = 1) (—j =r*(1 —4|af?)
2

lafz—1=—2+8|af
1=7ap S Jal= =

Nid

I\
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Sol.

Sol.

I\

Let w= \/?;H and P ={w":n=1,23,...}. Further H, = {z €C:Re z> %} and H, =
{z eC:Re z <—%} , where C is the set of all complex numbers. Ifz, e P~ H,,z,e P~ H,and O
represents the origin, then £z,0 z, = [JEE (Advanced) 2013, Paper-2, (3, —1)/60]
HHETR W = \E;I dem P = {w :n=123..}) 89 AR« H, = {ZECIRG z>%} eI
H, = {ZECZRG z<—%},\—rﬁ:ﬁ C aftas |l &1 9qzd &1 I z, e P H, z,e P~ H,dem O
Hofag 9efRid #3a1 8, 99 £2,02z, = [JEE (Advanced) 2013, Paper-2, (3, —1)/60]

T b 2n 5n
A) - B) = C*) — D*) —
(A) 5 ® 35 )3 ©) 3
(C, D)

2
v
P=o =cos%" +i sin%", H, = Rez > 1/2
2 -PAH Y3t B
2 2
z,=PAH,=-1, —B+i : —B-i
2 2
£2,0z,= E @ ,
3 6
Let  be a complex cube root of unity with @ # 1 and P = [p,] be a n x n matrix with p, = o' *J. Then
P2+ 0, whenn = _ [JEE (Advanced) 2013, Paper-2, (3, -1)/60]
TP BT UF AEH T o oIS, STEl o = 1 71 P = [p,] TH n x n 3ME AT, WEl p, = o' 19
P220,9d n= [JEE (Advanced) 2013, Paper-2, (3, —1)/60]
(A) 57 (B*) 55 (C*) 58 (D*) 56
(B,C, D)
n=1 n=2
o o o 1
P = 2 P = =
(] L)S (1)4} {1 w}
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Complex Number “_

P2 =[] % 0 P2 _ {c)4+1 } 40
n=3
o 1 o o 1 o 0 0O
P=|1 o o 1 o 0| =1]000
o o 1 o o 1 00O
Similarly P2 = 0 when n is not multiple of 3.

I UHR P2= 09 n, 3 &1 OIS 81 2|

Paragraph for Question Nos. 10 to 11
e 109 11 & fog srg=ee

LetS =S, nS,nS,, where

S,={zeC:|z| <4}, S, = ZECZImﬂ >0t and
1-3 i

S,:{zeC:Rez>0}

AT f& S =S, NS, nS,, &l

S,={zeC:lz|<4},S,=1{zeC:l 2=1V8 i g o S,:{zeC:Rezs> 0}
1-3 i
10. Area of S =
S &1 &A% = [JEE (Advanced) 2013, Paper-2, (3, —1)/60]
107 207 167 32n
A) & B*) &=F c) X D) 2<%
(A) 3 (B*) 3 (C) 3 (D) 3
Sol. (B)
S, x*+y?<16

g . 2213 _ (x=1) +i(y +43)

2T 1-ifB 1-J3 i
C{x=N+ily+3)) {138 i}

1+3
s, (x—1>J§4+y+J§ o
SZZ\EX+y>O & S,:x>0
A=lr26=lx16x5—n=ﬂ:%
2 2 6 6 3
1. min|1-3i-z| = [JEE (Advanced) 2013, Paper-2, (3, —1)/60]
2-N3 2++3 o 3—+V3 3+43
(A) TJ_ (B) 2\/_ (C*) T\/_ (D) TJ_
Sol. (C)

min |1 — 3i — z| = perpendicular length of point (1, —=3) from line J3x + y=0

Zes

min 1 - 3i - 2| = /g (1, -3) & Y& W a=aq ¢ Bx+y=02
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12.

Ans.
Sol.

I\

Let z, = cos [&jﬂsin (&j . k=1 2..9.

List |

P.

Q.

q191fH

10 10

/\

[JEE (Advanced) 2014, Paper-2, (3, —1)/60]

List Il
For each z, there exists a z, such that z,. z, = 1 1. True
There exists a k € {1,2,....,9} such that z, . z =z, has 2. False
no solution z in the set of complex numbers.
[1—-z,||1=2, | ..... I1_Zg|equa|s 3. ]
10
9
1 - Y cos 2% equals 4 2
P 10
2, = cos| 2% | visin (2T, k=1 2..9.
10 10
[JEE (Advanced) 2014, Paper-2, (3, —1)/60]
Gicigll il
uAD z, B f v W1 2 @ oD R 2.z =1 1. il
{1,2,...9) 4 U W1 k& b z,.2=2 1 BT & 2. Sl

z Afsr FmRl (complex numbers) § & &

P Q R S
1 2 4 3
2 1 3 4
1 2 3 4
2 1 4 3
zz=1 = Z=2,
Hence foreach k € {1, 2,3, . ..., 9} there exists z such that zk.zj=1
z.2=12 = z=z ,fork=2,3,4,...,9&
z=1fork=1 False

z,, 2, ....,Z,are roots of the equation z'° = 1 other then unity, hence
z'% -1

1 =1+z+...+2°=(2-2)(z-2)....(z2-2)
Z_

1-z)(1-25)....(1—-2

Substituting z = 1, we get ( 1)( 123 ( 9)=% =1

9

1- Zcos(i—?j =1 —{sum of real parts of roots of z'° = 1 except 1}
k=1

=1-(-1)=2

(@s1+z,+z,+....+2,=0) = ZRe(zk)+1=0

True
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Hindi.

13.=

Ans.

Sol.

14.

Ans.

(P) z,z=1 = Z=2,_,
3 e k® forg {1,2,3,....,9) 39 UOR fIeME z 59 GdR 8 fh 7, .z =1 FA
Q z.z=z = z=2_k=2,3,4,...,9& forg qan
z=1, k=1 forQ Teta
(R) 2,2y, 2, THIBROT 210 =1 A B T
=1+z+...+2°=(z-2)(z-2)....(z-2)
S 1% afemTe & (1—21)(1—22)....(1—29)22 1
10 10
9
(S) 1= Y oos( 20| <1~ (1 91 wrwwx 2= 1 % el & e e o1 oy
k=1
=1-(-1)=2

@FP1+z,+2,+....+2,=0) = (ZRe(zk)H:O)

For any integer k, let a, = cos(k%tj + i sin(gj, where i = «=1. The value of the

12
|(xk+1 _O“k|
expression - s [JEE (Advanced) 2015, P-2 (4, 0) / 80]

3
Z|0‘4k—1 - O°4k—2|
k=1

12

ﬁﬂﬁﬂﬁq‘;ﬂﬁ?kiﬁma,(:cos(kgj +isin(k7nj,\_rlﬁi= V-1 R @ e e
kz:;|a4k—1_a4k—2|

|ak+1 - ak|

B 749 & [JEE (Advanced) 2015, P-2 (4, 0) / 80]
4
2kn . . 2km AT
o, =C0S—— +isin— = e
14 14
12 | i2(k+1)n i2km 12 | i2n
e 14 _gt4 el _1
Now = : : = :
3 | i(4k-1)n i(4k-2) 3 | i2n
e 4 _g M el _1
3
— i o\ 2s
Letz = 1+T\E' where i = \ﬁ andr,s € {1,2,3}. Let P = {( :S) Zr } and I be the identity matrix of
z z

order 2. Then the total number of ordered pairs (r, s) for which P2 =—Tis
[JEE (Advanced) 2016, Paper-1, (3, 0)/62]

w%h%@,aﬁmﬂaﬁm,“n,mmw%p{(‘jjr Zjaﬁmaﬁ%
z z

(order 2) @1 THAS IME (identity matrix) &1 99 9 | &G g™ (ordered pairs) (r, s), & forg
P2=—18, & g A& -

1

I\
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Sol. z= o (where is cube root of unity ) (&l » SHS &1 T 2 |)

P2 ~ (—G))r 0)23 (_w)r c023 ~ 2r + 0)43 (_1)rm25+r +0)r+2$ ~ -1 0
B 0)23 o 0)23 o B (_1)rm23+r +(Dr+23 (D2r + 0)43 B 0 —1
2
e I (e A )

= second equation represent TEX FHIGIT A r=1,3
caseRIfa-1: r=1

o*=—1-0®=0=>s=1
case Rafd-2: r=3

o* =—-1-1=-2 = No value of s is possible (s &1 &3 I A1 T™T L |)
= Total number of ordered pairs 9+ HfHT JHI B T (1, 8) = 1

15. Let a, b eRand a2+ b? = 0. Suppose S = {ZeC:z=;bt,teR,t¢0},wherei= J-1.
a+i

Ifz=x+iyandz € S, then (x, y) lies on [JEE (Advanced) 2016, Paper-2, (4, —2)/62]
(A) the circle with radius Ll and centre i,O fora >0,b=0
2a 2a

(B) the circle with radius A and centre —l,O fora<0,b=0
2a 2a

(C) the x-axis fora=0,b =0
(D) the y-axis fora=0,b#0
A1 % a,b e R3IR @2+ b2 %0 %lWWﬁ?S:{ZeC:Z: 1,b,teR,t¢0}, ECAER =R

a+ibt

afg z=x+iy 3R ze S, T (x,y)
(A) S99 9d &R 7 ot B 21_a IR g fog [Zla’oj gv¥a >0,b=0

(B)wqﬁq—\f%m—cﬁﬁvm—;—a IR Bz fag [—Zla,oj 2 9da <0,b=0

(C)x-T e ¥ a=0,b=0
(D) y-31T )R 8 519 a=0,b =0

Ans. (AC,D)
a—ibt
2, 22
Sol. x+iy= @ +b7t
a —bt
X= ———— e, 1 ; = 2
a® +b?%t? ) y a® +b?%t? @

fafRa=0,b=0,x=0 = D) = faf a#0,b=0,y=0= ()
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16.

Ans.

Sol.

17.

I\

az+bte= 2 g a2 it 2L . a_-ot - =L 3)
X y X bx
Putting (3) in (1) ((3)F (1) # T/ W)
2,,2 2,,2
x| a2 +p2x2Y |3 x|a2+28Y |—a = apesy)—ax = x2+y2—lx=0
b?x? X2 a
1 1Y 1
circle with centre | —, Oj B5 Il I ; radius == | — | +0°-0 = —
2a 2a 2a

Let a, b, x and y be real numbers such that a — b =1 and y # 0. If the complex number z = x + iy

- az+b
satisfies Im
zZ+1

J =y, then which of the following is(are) possible value(s) of x ?

[JEE(Advanced) 2017, Paper-1,(4, —2)/61]

A % a, b, x IR y 39 UHR &I aR<fad G (real numbers) 8 f6 a—b=13Ry =032 afx aftas
=T (complex number) z = x + iy, Im(azzj_le =y B Y I &, 99 7 d F DTAIER) x F(SD)
Fefad A4 B(E) ?

(A)1—«/1+y2 (B) —1— J1—y? (C) 1+ J1+Vy? (D) =1+ \[1-y?
(B,D)
a(x+iy)+b  ax+b+iay y (x+1)=iy (ax +b)(x +1) +ay? . i(@ay(x +1)—y(ax+b))
X+iy+1 X+1+iy (x+1) =iy (x+1)* +y? (x+1)% +y?
ay(x+1)—y(ax+b) ay — by
= ———— = a-b=1,y=0
= (x+1)% +y? et (x +1)% +y? y ( y#0)
= (x+1)2+y2=1 = x+1=% f1-y* = x=—1=% J1-y?

For a non-zero complex number z, let arg(z) denote the principal argument with —x < arg(z) < =. Then,
which of the following statement(s) is (are) FALSE ?

(A)  Arg(—1 —i) = %, where i = V=1 [JEE(Advanced) 2018, Paper-1,(4, —2)/60]

(B) The function f : R — (-, =], defined by f(t) = arg(-1 +it) for all t € R, is continuous at all points
of R, where i = \/j

(©) For any two non-zero complex numbers z1 and zz, arg {ﬁj —arg(zy)+arg(z,) is an integer
Zy

multiple of 2x

(D) For any three given distinct complex numbers z1, zz and zs, the locus of the point z satisfying
((z-2)(z5 —23))
the condition arg Lw =7, lies on a straight line.
(z-23)(z, - 2)

fel YRR (non-zero) WS w=AT (complex number) z & fog, AFIfG arg(z) 39 =0 dINH
(principal argument) @1 ST 8, W&l —n < arg(z) < n 99 F=falRaa § 9 BT () AT A 2(2)?

(A) Arg(~1 —i) = %,G@‘T’ i= J—1
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Ans.

Sol.

18.

I\

(B) wa (function) f : R — (—n, #], ST @ t € R & fog f(t) = arg(—1 + it) & gRT aR¥I¥T 8, R& &
fa=gal ™ Fad (continuous) B, W&l i = -1

(C) fr=1 i ] YRR |AfMs T 21 3R 22 & forg arg[z—q —arg(z,) +arg(z,), 2n d1 & ol
2

Tt (Integer multiple) 2 |
(D) f&=dr it = & T M= (distinct) Afdsr d@mRl z1, z2 3R zz @ forg, ufde= (condition)
arg (MJ = P TGE B a5 2 BT 45U (locus) T TS @ (straight line)

(z-23)(z5 - 2)
R Rerd 21
(ABD)

W Ag 1) =—F

(B) f(t) = Arg(=1 + it)

n—tan't t>0
—(m+tan't) t<O

It is discontinuous att =0 g t =0 IR AT B |

(C) Arg (ﬂj — Arg z1 + Argzz
2
Arg [ﬁ] = Arg z1 — Arg z2 + 2nn
z
so the expression becomes 2nn gafely aSid 2nn BRI |

(z-2)(2p—23))

®) Are L(Z 25 (22 —ZJ

Itis circle I8 q< B |
Let s, t, r be non-zero complex numbers and L be the set of solutions z=x +iy (x,y e R, i = \/j) of
the equation sz +tz +r =0, where z=x — iy. Then,which of the following statement(s) is (are) TRUE ?
(A) If L has exactly one element, then |s| = |t|
(B) If |s| = [t], then L has infinitely many elements [JEE(Advanced) 2018, Paper-2,(4, —2)/60]

(C) The number of elementsinL n{z:|z—1 +i| = 5} is at most 2
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Complex Number

Ans.

Sol.

I\

(D) If L has more than one element, then L has infinitely many elements

/\

AT % s, t, r YRR (non-zero) Wf¥H HWI (complex numbers) & 3R L 1@ (equation)
sz+tZ +r=0% gl (solutions) z=x+iy (x,y € R, i=-1)F Ieaa 8, 9l zZ =x—iy | d9

fefafad § & 319 1 (J) U FF © (8) ?

(A)Tfe LA b T 3rggd (element) &, T4 |s| = [t]

(B) I |s| = |t| 79 L # 3= (infinitely many) 3rud &
(C)Ln{z:|z—1+i| =5} s@uai &I AfRHIH I 2 8

(D) afE LH U & SUTT S19Ud 8, 9 L # o= o/quq ®

(ACD)

sz+tz +r=0, Z =x—-ly
§Z+tz+r=0

(1) +(2)

(t+8)Z+(s+t)z+(r+T1)=0

(t-8)z+(s—t)z+(r-r)=0

For unique solution

sfga & & fog

—

t+s s+t
t—-s s—t

On solving the above equation we get

THIHRIT BT B HRT IR

It]=]s]

. option (A) is correct famed (A) FE & |

Lines overlap if Y@¢ I & |

Educating for better tomorrow

t+s t+s r+r
t-5 s-t r-T
[t]=]s]| tr—tr+sr—sr=sr+sr—tr—tr
2tr = 2st
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19.

Ans.

Sol.

I\

tr=sr
St s
St =]s|
S f|t] =] s, lines will be parallel for sure but it may not be coincident

LR |t =] s |, VAN WHRR B IR I8 SRR A8 B |

For option (C) if element of set L represent line, then this line and given circle can have maximum two
common points so option (C) is correct

fwed (C) & forg Afs Fg=ad L &1 3/@ud Y@ L &1 Jad dxal &, 99 59 Y@ IR I W g9 &
IfrFad 1 SIS fag 81 |ad & | s9ferg fawed (C) | = |

Let S be the set of all complex numbers z satisfying |z — 2 + i| > J5 . If the complex number zo is such

4-20-2 .
—=2 s
Zyg—Zg+2

that is the maximum of the set { 1Ze s}, then the principal argument of

’
lz—=1]

Zy —

o b S 99 @l waffas st (complex numbers) z BT e (set) @ Sl [z —2 + i > V5 B e

FHl 21 I g A w20 vl R s ;ﬂw{ :ZGS}EF[B?DFCPT(maXimum)

|zo —1] |z—1]
8 qg 2% "% 20 37 ¥w=1 FIO (principal argument) &
Zyg—2Zp+2a

(A) 2 ® 32 © -Z (D) Z

4 4 2 2
(C) [JEE(Advanced) 2019, Paper-1,(4, —1)/62]

P70

2

lz—(2-0)|> 5

For |zo — 1| to be minimum, zo = Xo + iyo is at point P as shown in figure

|Zo—1|:ﬂﬁﬁq3ﬁﬁ$%ﬂﬁZo=Xo+iy0ﬁ§Ptl’\’§Wﬁ1%ﬂﬁ

4—(z9+2p) 4 -2x —i(2—x) . n
—— | = —arg] —=— | carg-in) = —= (= >0
arg(zo—20+2i A9\ Giyra) S Ty ) TN = 5 (v A>0)
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20. That o # 1 be a cube root of unity. Then the minimum of the set {|a + bw + c®??; a, b, ¢ are distinct

non zero integers} equals

A f 0= 1 T&® &1 & T (a cube root of unity) & | 79 Tz (set)

{la + bo + co??; a, b, c A= I Yuifd (distinct non zero integers)} &1 FAH (minimum) SRTER

[JEE(Advanced) 2019, Paper-1,(4, —1)/62]

Ans. (3)
Sol. |a+bw+co?P=a?+b?+c2—ab—-bc—-ca= %[(a—b)2+ (b—=c)?+ (c—a)?

it will be minimum when a,b,c are consecutive integers

S0 minimum value is 3.
Hindi. |a+bo+co?P=a%?+b?>+c>—ab—-bc-ca= %[(a—b)2+(b—c)2+(c—a)2]
I8 =IAGH B 919 a, b, ¢ HHAFTT YUl 8l

Y RFaH 919 3 & |

PART - Il : JEE (MAIN) / AIEEE PROBLEMS (PREVIOUS YEARS)

AT - Il : JEE (MAIN) / AIEEE (R5a1 auf) & g

1. If o and B are the roots of the equation x> — x + 1 = 0, then o + 320 = [AIEEE 2010, (4, —1), 144]
AT o, P EHIT e —x + 1 =03 A &, AT 020 4 f2009 GRTR ¥
(1) -1 (2) 1 Q) 2 (4) -2
Ans. (2)
xX2—-x+1=0
= X=—o,—0
. (XZOOQ s BZOOQ = _(D2009 —_ (D4018 = — (Dz —®= 1
Hence correct option is (2)

e e fadew (2) B

2. The number of complex numbers zsuch that |z—1|=|z + 1| = |z—i| equals
[AIEEE 2010, (4, -1), 120]
|z=1|=|z+1|=|z—i| B G B dTell A% G0 2 S G 2—

(1% (2)2 (3) o 40
Ans. (1)
Sol. lz=1 =z + 1] = x=0

lz-1P=[z-i]

= (X=12+y?=x2+(y—1)? = 1+y2=(y—1)2 (- x=0)

o y=0 = (0, 0) satisfies
Hence correct option is (1)

e e fawew (1) B
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3. If o(=1) is a cube root of unity, and (1 + ®)” = A + Bo . Then (A, B) equals[AIEEE 2011, I, (4, —1), 120]
IS w(=1) SHE & Th 89 A & a0 (1 + )’ =A+Bo 8, a1 (A, B) RR B :
(1) (0, 1) (27 (1,1) (3)(1,0) 4) (=1, 1)

Sol. (2)
(1+0)’=A+Bo
(—?)”=A +Bo

-o*=A+Bo
-?*=A+Bo
1+0o=A+Bo
~ (A,B)=(1,1) Ans.

4. Let a, B be real and z be a complex humber. If z2 + az + B = 0 has two distinct roots on the line Re z =
1, then it is necessary that : [AIEEE- 2011, I, (4, -1), 120]
AT a, p ARKAS & AT 0P A G 21 AR 22+ az+P=0D YW@ Rez=1WR 3 A= a8 & @
g offard & & :
(1)B (0, 1) (2)Bpe(-1,0) (3) 1Bl =1 (4%) B e (1, )

Sol. (4)

Letrootsbep +igandp—-ig p,gqeR
root lie on line Re(z) = 1

= p=1
productof roots =p? + =B =1+ ¢
= Pe (1, ), (@#0, - roots are distinct) ~ Ans.

Hindi #1 9a p +iq@2M p—ig¥ p,qeR
e ¥ Re(z) = 1 &R Rerd g |
= p=1
el BT PPl =p?+ 2 =P =1+
= Be (1, 0), (q#0, - 9o == 2 1) Ans.
1+

5. If z is a complex number of unit modulus and argument 6, then arg (1—E] equals :
+Z

Ife 2t VA Affy G & fT9aT J1Uie Udb Shls & a0l BIvNid 07, d BIvih UI_;J EMERE

(1) -6 (2) E—e (36 (4)m—-06
[AIEEE - 2013, (4, —1), 120]
Sol. (3)
|z|=1,argz=0 z=g"
-1
Z e
z
1+z
arg 7= arg (z) =6
1+—
z
6.= If z a complex number such that |z| > 2, then the minimum value of z+% :
is strictly greater than 5/2 [JEE(Main) 2014, (4, - 1), 120]

1)

2) is strictly greater than 3/2 but less than 5/2
3) is equal to 5/2

4) lie in the interval (1, 2)

o~~~ —~
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Complex Number

Il zuw A afFs S B fF |zj 228 @

1) 5/2 % foR=R §e1 &
2)3/2 | FR=TR 991 & WY 5297 &9 2
3)5/2 % aRTER 8

)

(
(
(
(4) =T (1,2) # Rerd &

1
Z+—
2

/\

BT YAAH A §—

[JEE(Main) 2014, (4, — 1), 120]

Sol. Ans. (4)
.
(=2,0)
1. . — 1
z +—| is distance of 'z' from ——.
2 2
Clearly its minimum value is when z = —2 which is 3/2.
Hindi. z+% BT 37 —% HzdH
WL Ofd z = -2 & q9 $9B1 <9 A1 3/2 8
7= A complex number z is said to be unimodular if |z| = 1. Suppose z, and z, are complex numbers such
that 22222 s unimodular and z, is not unimodular. Then the point z, lies on a :
-2,
[JEE(Main) 2015, (4, — 1), 120]
(1) straight line parallel to x-axis (2) straight line parallel to y-axis
(8) circle of radius 2 (4) circle of radius \/5
T s GAT z UHAMID] dealdl & dfe |z| = 1 81 HFT z, 91 z, U AfFs g € b 21_—252
-24Z,
THHATID] & Tl z, ThHAid] 81 8, O fig z, Rerd 2 : [JEE(Main) 2015, (4, - 1), 120]
(1) x-31e7 & FHOR TH W[ TR | (2) y-318T & FHGOR TP &I WX |
(3) 2 3o a1l 9 W | (4) 2 o e 99 W
Ans. (3)
Sol. |z|=1;|z,|=#1
zy—22, 1
2-242,
— 2
|Z1 - 222|2 = |2_Z122|
(21 - 222) (21 _222) = (2_2122) (2_2122)
= |z,2+ 4|z, - 22,2, — 2242, =4 + |2,]? |z,]* — 22,2z, — 22,2,
= (1o P 1) (12 -4) =0
|2,| = 1
2, =2
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Complex Number “_

8. A value of 6 for which %smg is purely imaginary, is : [JEE(Main) 2016, (4, — 1), 120]
—2i sin
0 P 98 TP A1 s forg M qoid: HTeafd 8, ® -
1-2i sin6
s . \E . 1 s
1) — 2) sin”' | — 3) sin”'| — 4) —
(1) 5 (2) { 4 J 3) (ﬁ] 4) 3
Ans. (3)
2+3isin6  1+2isin®
Sol. — X —
1-2isin® 1+2isin®
2 -6sin20 =0 (For purely imaginary) (A€ ®1eaf® & fom)
sin%0 = 1
3
sind = 1
3
1
0 =sin”"—
3
1 1 1
9. Let » be a complex number such that 20 + 1 = z where z = V=3 . If 1 -0’ -1 %] = 3k, then k is
1 o o
equal to :
1 1 1
AT o Uh A% G U & f6 20+ 1 =298 z= -3 B1AR[1 —-0’-1 o’ =3ks
1 0 o
@l k SRR & [JEE(Main) 2017, (4, — 1), 120]
(1) -z (2)z (3) -1 (41
Ans. (1)
Sol. z=i3 =20 +1=+3i
20 = \3i—1
(o=_1+2|\E l+o+?=08& w®=1
1 1 A 3 1 1
= 1 o o =3k = 0 o o =3k
1 0 o 0 0® o
3(0? — 0*) =3k
e e = —1-i3 3 —1+i3 =_£ _ W3 - i3 =z
2 2 2 2
10. If a, B € C are the distinct roots, of the equation x2—x + 1 =0, then «'%" + B'07 is equal to :

A o, B e C, THNH x2—x+1 =03 A= 7 8, @ o0 + B107 qR&R 8 :

[JEE(Main) 2018, (4, - 1), 120]

(1)1 (2)2 (3) -1 (4)0
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Sol. (1)

x2-x+1=0

143

X = T (|et'F|'I7|T— o and 3ﬁq— 602)

0(101 + B107 = (—0))101 + (—(,02)107
= —l0lss _ 214 == - =1

11. Let o and B be two roots of the equation x? + 2x + 2 = 0, then a'® + B'%is equal to :
[JEE(Main) 2019, Online (09-01-19),P-1 (4, — 1), 120]
I o AT P FHBIT x2+2x +2 =03 & ol T, @I !5 + B15 TR 2—

(1) 512 (2) —256 (3) 256 (4) 512
Ans. (2)
Sol. roots are—1 +iand —1 —i

Leta=—-1+iandb=-1—i

_ \16 _4_;\l6 _ i 4_1\16
then o5 + 18 = (<1 + 1)1 + (1 )15 = S0 C107 oo (CIHZIZ0T 400 o) - 556
3-1+i —1—i 1 —i
Hindi. 3o —1 + i qem—1 — |
Ao =1+ idMb=—1—i
_ \16 _4_;\l6 _ i_4_i\16
T 015 4 18 = (=1 4 1)1 + (4 —i)ts = ) 0T e (THIZTZ0T_ yog( o) - 056
3—-1+i —1-i 1% —i
12. Let z be a complex number such that |z| + z =3 + i, (where i = J—_1)then |z| is equal to :

AT T GRS T 2 9 UBR € b [z] +2=3 +i, (ST&i = v—1), @ |z] aX1aR & :

[JEE(Main) 2019, Online (11-01-19),P-2 (4, — 1), 120]

(1) g (2) 5/4 (3) 5/3 (4) @
Ans. (3)
Sol. |z| +z2=3 +i

letz=a+ib

la+ibl]+a+ib=3+i
comparing both side

SFI TR% oA A W

b=1 &R +Vva®+1 +a=3 = a2+1=9+a2-6a
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13.

Ans.

Sol.

14.

Ans.

Sol.

I\

=N a=g = lz| = va? +b? =1{§+1 =§

Let z1 and z2 be two complex numbers satisfying |z1| = 9 and |zz — 3 — 4i| = 4. Then the minimum value

of |z1—zz| is :

AT 21 TAT 22 Q1 ARAS TR 2 ST |21 = 9 AT |22 — 3 — 4i] = 4 BT FIT BRAT 8, AN |21 — 22| BT FAqH

a9 2— [JEE(Main) 2019, Online (12-01-19),P-2 (4, — 1), 120]
(1)0 (2) 1 (3) V2 (4) 2
(1)

C,=(0,0) &= C, =(3,4)
=9 &JqAu r,=4

= CiC2 =5 and r,—r, =5 = circles touch each other internally

= CiC2 =5 T r,—r,=5 = I & T P! MM<IRH W IR &)

= |z,-2,|,,=0 atthe point of contact

min

= W-T ﬁ?\, BN |Z1_22 lmin=O

lfz = g%@ = J—_1) then (1 + iz + 5 + iz8)% is equal to

afg z = g+%(i=\/—_1)3ﬁ(1 +1iz + 25 + i28)® IRTER &

(Mo (2) (-1 + 2i)° (3) -1 (4) 1

3) [JEE(Main) 2019, Online (08-04-19),P-2 (4, — 1), 120]

ir T L iﬁ |E9
1+e2e®+e® +efbe?

2n o se )’
1+e3 +eb +e ®
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15.

Ans.

Sol.

I\

Letz e C be such that |z| <1, If o =

A zeC T UBR B 6 [7<1,3R 0=

(1) 4 Im(e) > 5
(3)

5+3z
w =
5-56z

560 -50z=5+3z
b0+3)z=50-5

50-5
Z=
50+3

|z| <1

50-5
<1
50+3

|50 - 5| < |50 + 3|

lo—1] <o+ §|
5

9
J3

+_—_
2 2
i3n =1

5+3z
5(1-2)

then

5+3z ar
51-2)

(2) 5Re(0) > 4 (3) 5 Re(o) > 1

4)5Im (o) < 1

[JEE(Main) 2019, Online (09-04-19),P-2 (4, — 1), 120]

Educating for better tomorrow

N —
—— - Re(w)>1/5
\ —
N gl — 1
Re(w) = 1/5
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Complex Number

16.

Ans.

Sol.

17.

Ans.

Sol.

I\

If zand o are two complex numbers such that | zo |=1 and arg (z) — arg(m):%, then:

If 2 AT o &1 VA Afst d@&d € 6 | zo|=1 T2 arg (z) — arg(o)

(1) zo=-i
(1)
Let |z| =
1
w| = - ..
r
argz-argw—E
T2
T
0—¢=—
¢ 2
T
0=—
o O

1
zZw =re'® —g™*
r

),
=e'? /e o

(2) zo =

z =re®

w=—ei

i
J2

—1+i

J2

(3) zw =

I a-
2

(4) zo =i

[JEE(Main) 2019, Online (10-04-19),P-2 (4, — 1), 120]

If the equation, x + bx + 45 = 0 (beR) has conjugate complex roots and they satisfy |z + 1| = 2 M
[JEE(Main) 2020, Online (08-01-20),P-1 (4, -1), 120]

then :

I BRI X2 + bx + 45 = 0 (beR) & A wffast g1 &, Ol |z + 1] = 2 V10 B! A e €, @ -

(1) b2 —b = 30

(1)

) b2+b=72

Let z = o £ i be roots of the equation

AM 2 = o + i FHERT & qA B

(3)b2—b = 42

So 2a0=-band a2 +B2=45, (a+ 1)2+p2=40

SARIT 20 = —b AT 02 + B2 = 45, (o + 1)2 + P2 = 40

So (o+1)2-02=-5

safelt (o +1)2-a2=-5

@) b2+b =12

= 20+1=-5 = 20=—6
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Complex Number “_

sob=6
3T b = 6
hence b’ -b =30 T b%2—b =30
—1+i\/§ LI L .
18. Let o = > (1+a) > a® and b= Y o*, then aand b are the roots of the quadratic
k=0 k=0
equation :

T o = 1+2'\/_%|m%a 1+af amb:imla“,aiaambﬁwﬁém@vmwﬂw
k=0

k=0

DA T ? [JEE(Main) 2020, Online (08-01-20),P-2 (4, —1), 120]
(1 )x2+101x+100 0 (2) x2=102x + 101 =0
(3) x2-101x + 100 =0 (4)x2+102x + 101 =0

Ans. (2)

Sol. o=0n, b=1+od+a®+.... =101

=(1+0)(1+e?+o*+...0%+ )

_ (1+®)(1_(w2)101) _ (1+COX1—0)) P

2 2

1-w 1-o
Equation : FHI®R0T x2 — (101 +1)x + (101) x 1 =0 =x>-102x + 101 =0
19. Let z be a complex number such that _21‘ =1and |z =g. Then the value of |z + 3i is :
z+2i

A z U Ul A8 = §, 6 ‘ZZ+—_21|‘ =1%am|z|=g%‘,?ﬁ|z+3i|zmqﬁ%‘_

1
(1) 10 @) 243 @2 @ 2
Ans. (3) [JEE(Main) 2020, Online (09-01-20),P-1 (4, —1), 120]
Sol. X2+ (y-1)2=x2+ (y+2)?
2y +1=4y+4
1
By=-383=y=——
y =Y 5
X2 +y2= &:ﬂ ﬁ— = z=i\/g—é
|z + 3i| = 1} 1/

|lz+3i|=
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Complex Number “_

Il High Level Problems (HLP) |

1.

Ans.
Sol.

Ans.
Sol.

Hindi.

Ans.

Sol.

I\

If the equation z* + a,z® + a,2% + a,z + a, = 0 where a,, a,, a,, a, are real coefficient different from zero,
N , a; . aa,
has a purely imaginary root, then find the value of —— + —*
a@, a,a,

e aHfiexe 24 + 2,2 + a,22 + a2z + a, = 0 981 a,, a,, a,, 8, LI ¥ == a=afds 1ons 2, Rgs
PHIAD I & qd & 3% g e o AR

a3, 283

1
zZ=xi
4 2 = 3 _ =
x*—ax?+a,=0 & axt—ax=0
X2—a_3

a'1
2
a a,a a;  aa
_g_ﬁ_l_a“:(): _3+#=1
a; a, a2, a3,

If |z,| =2, |z,] =3, |z5| = 4 and |2z, + 3z, + 4z;5| = 4, then find the value of [8z,z; + 272,z, + 64z,2,|
M |24 = 2, [2,] = 3, |z5] = 4 TN [22, + 3z, + 425| = 4 B, Tl 82,2, + 27242, + 642,2, BT R AF 28—
2622 24427232, +642,2,=2.2,2,2,23+3. 2,2,232,+42,2,2, 24
(v4=2,2,9=2,2,,16 = Z; ;)
=(22, +32, +42,) (2, 2, 23) = (22, + 32, +42,) (2, 2, Z5)
So absolute value = 4. 2. 3.4 =96
82,23+27232,+642,2,=2. 2,2, 2,23+ 3. Z,2,232, +42,2,2, 24
(+4=2,2,9=2,2,,16 = Z,2,)
=2z, +32, +42,) (2, 2, 23) = (22, +32, +42;) (2, 2, Z,)
fARUet A =4. 2.3.4 =96

If |zP+A z?+Az2+BzZ+Bz+c=0represents a pair of intersecting lines with angle of
intersection ‘0’ then find the value of |A|

e |z +A 2% + AZ? +BZ +Bz +c = 0 Uesdl Y@y @1 yeRid axar & Ris weg v ‘o' 8, a1 (A
BT A 8-
seco

2

z=x+iy,A=a+ip B=y+3di
X2+ Y2 + 20 (X2 — y?) + 4xyp + 2(yx + dYy) + C.
(1 +2a) x2+ (1 —20a) y2 + (4B) xy + 2(yx + dy) + C.
2«}4[32 —(1-40?)

2
tand = \4p% +40? —1 = 4| AP -1
4]AP? = 1 + tan?0

secH
2

tano =

Al =
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Complex Number “_

4, If z2+0z+B=0 (a, B are complex numbers) has a real root then prove that
(a-a)(oP-P)=(3-PB)
A 22 +az+P=0 (o, B TS TS &) FT T IAAD o & Al Kg DI
(6~ ct)(c -ap) = (- B)’
Sol. Z+oz+p=0 .. (1)
= Z+az+p=0 ... )

forthe realroot z=z=x

x> +ox+p=0]| .
= o _ = will have a common real root
X“+oax+p=0

x2 X 1

aB-pa B-P a-o
(B=B) = (a-o)(cB—pa)

Hindi z2+o0z+p=0 .. (1)

= Z2+az+p=0 ... )
IRIIH e B 8 2=2 =X
X:+?X+§=O} B Uh SHITS IRAAD Hol T
X“+ax+p=0
x? X 1

s A GG G

5. It z,, z,, z, be three complex number such that
2 2 2
z z z
Iz =z, =z/=1and —/—+—=2-+=4+1=0
2,2y 22y 242,
then sum of all the possible values of |z, + z, + z,|

I 2, 2,, 2, 9 ARAY TN 39 TPR © ($

2 2
z z
1 + 2

2
Z
L %8
2223 Z123 Z122
Tq |z, + 2, + 2,| B T FAIAT A1 BT AFTH 2—
Ans. 3

|z,| = |2,| = |z,] = 1 8IR +1=0

Sol. z%+z%+2%+2.2,2,=0
(z,+z,+2)(z2+22+22-%2,2,)=-42, 2,2,
Xz, (X2,)2-3%z,z,) =-42,2,2,
letd 1z, +2z,+2,=2
Z,+2,+2,=2
z(z2-3%z,2,) =4z, 2, Z,
7#=32%22,-42,2,2,

26=2,2,2, {32£l+l+l]—4}
21 22 ZS

*=22,2,(3|z?-4)
z[* = 1z,| 1z, |z,| I3 [z[* — 4]
|z[* = [3]z]* — 4|
Now 319 |z| =1, 2
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6. Number of complex number (z) satisfying |z|> = |z|" 222 + |z|" 2z + 1 such that Re(z) # —% and

n=2x+1, A e N.
A @R (2) B G A4 BINIY S |2]2 = [2]"222 + |22z + 1 FTS BT 8 T&f Re(z )¢—%3ﬁ'\f
n=2x2+1, A e N.

Ans. 2
Sol. |z]" = |z|"2 (22 + Z) + 1 (1)
Hence z2 + z eR
22+z2=272"+7°
(z-z)(z+z+1)=0
But Re(z) ¢—%

Hencez+ z +120

SO z=z2 = z is purely real
put z =x
so from (1) we get x = —1
Hence z = -1
Hindi. |z|]"=|z|"? (22 + 2) + 1 (1)
3z +z eR

22+z2=2°+2°
(z-z)(@z+z+1)=0

fFT Re(z) = —%

Jd:z+z+1#0

gfelt z2=2 = z fagg arafd® B |
Z=X3E9 R

M x=-1W

. z=-1

7. Let z, & z, be any two arbitrary complex numbers then prove that

A 2,9 2, P < Wew AR Gy €, O Rig AR

. z, z, . z, z,

[ Zi+ 2= |—— |z, |+—=2 | z i zzz(z+z)—+—.

(i) |y + 2, ‘|z1||2| |22|| i (i) |1+ 2| |1| |2| ‘|Z1| |22|
Sol. (i)

z, =re"

z, =r,e%

1z, + 2, = \/rf +r22 +2rr, cos(6, — 0,)

‘El z, |+ || z| |rze“%+r1eie2
= \/q +17 +2rr,cos(6, —0,)
LHS = RHS
1 z z
(i) Sz 1+12, ) [—‘+—2j
227 izl izl
= 1 (z,+2,)+2, |22|+—Z2|Z1|
2 Izl 1z,
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Complex Number
< % [1z,+2, |+|2+2, ] from (i) part. (i) & ¥\
< |z, + z,|
8. Prove that
(i) ﬁq <|arg z|. (i)  |z=1]<llzl- 1] + |zl larg 2.
z
g FIfoTy fh —
0) ﬁq < [P 2. (i) |z=1]<|lz|=1]| +|z| | ProTF z|.
z
Sol. (i) Z 4 ‘=|e‘9—1 |
|z]
_ |ei6/2| |eie/2 _e—i9/2|
= 23in9s2(9j Sinx < x
2 2
<arg (2)
(i) z-1=z—|z| +|z| - 1| < |z - |z]| + [|z[ - 1]
<lz| [ 2 =1 |+| 2] 1 |
|z]
<|z|arg (z) + | 1z| -1 | Hence prove. 3ra: Rig garm |
9. Prove that g ®Ifog
[Img(z")| < n [Img (2)|[z]"~", nel®
sol. |2 =Z| <n2=2 Iz|n-1
2 | 2i |
Z 22| < hjzp-
Z_
|z + 202 Z +...... + 2"
<z '+ 202 Z | + e +]Z"
< njz[
10. If z—1+|z+3| <8 then find the range of values of |z—4].
e [z—1|+|z+3[<8 @l [z—4] & Al B IRAR FTA B |
Ans. [1,9]
Sol. |z-4<[z-1+3
and  |z-4<[z+3[+7
z—-1+[z+3[+10
= |z—4|s| [+[2+3]+10 _10+8 z-4<9 (1)
2 2
and z = 4 satisfies the given equation
|z—1+[z+3[<8
Hence range of |z—4|[19]
Hindi |z-4<|z-1+3
3R |z-4|<|z+3]+7
z—-1+|z+3[+10
= |z—4|s| [+[2+3]+10 _10+8 z-4<9 (1)
2 2
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Complex Number “_

11.

Sol.

Hindi.

12.

Ans.
Sol.

AR z=4T TE FHPRO P IIT BT 2 |
|z—1+[z+3[<8
37T |z—4| €[19]

Show that all the roots of the equation a,z® + a,z? + a,z + a, = 3, where |a| < 1,i=1, 2, 3, 4 lie outside
the circle with centre origin and radius 2/3.

yefia ST f6 wHfievo a2+ a,22+az+a,=3% 9 ga O [a|<1,i=1,2,3,4 39 g & TR
Rera 2, e o= qafag den a1 2/3 3|

3=laz2+a,2+a,z+a,|=>3< |2+ |2% + |z| + 1| = 2 < |z| +]z]? + |z]® +...... (1)
2zl | |zP + |z + eeeeee ©
. z
if lz| <1, 2< Azl
—1z|
2
2-2|z| < |z| = §$|z|
if |z| > 1 its obvious

Hence all the roots of the equation a,z® + a,z° + a,z + a, = 3, where [a| < 1,i =1, 2, 3, 4 lie outside the
circle with centre origin and radius 2/3.

3=laz2+a,2+a,z+a,|=>3< |+ |2% + |z| + 1| = 2 < |z| +]z]? + |z]® +...... (1)
2< |zl | |z + |z + ... 0
z
I |z| <1, 2£|—| ..........
=1z|
2
2-2|z| < |z| = §£|z|

I |z| > 1 e
3 HHIPRYl @,z + 8,22 +a,z +a, =3, 98l |[a|<1,i=1,2,3,4% T4 qd g & arex Reyd 8 e
d A fog a1 B 2/3 8 |

Consider the locus of the complex number z in the Argand plane is given by Re(z) -2 = |z — 7 + 2i|. Let
P(z,) and Q (z,) be two complex number satisfying the given locus and also satisfying

arg w = (o eR) then find the minimum value of PQ
Z,-(2+ai)) 2

AT ARIvS FHad UR bl A8 G1 2 &1 95 Re(z) —2 = |z — 7 + 2i| §RT f&31 S« & | |/ P(z,)

T Q (z,) 39 50 B I B a6l & &AW § 7607 arg (%J:%(aemaﬁ%ﬁﬁwm

2 A1 PQ &1 =¥ A 8RT—

10
x=2 P
A/
(2,a)< <
S~
Directix Q
Z=X+1y

2= (x=7)2+ (y + 2)
2P (x=7)2 =y + 22

I\
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Complex Number “_

13.

Ans.

Sol.

Hindi.

14.

Sol.

z-2z,

Find the mirror image of the curve =a,acRra=1abouttheline|z-z|=|z-2z)].

2

2-2,| _ .

z-z,

Crofl ke =a,acRaz1PI X |z-2|=z-2,| P ANE U0 yfafd= 0 SN |
z-2,

Obvious

Draw oppolorious circle and get result
WE 7

ethay

auﬁaﬁﬁuvqa%ﬁamtrﬁwwaﬁ

Let z, and z, are the two compelx numbers satisfying |z — 3 — 4i| = 3. Such that Arg [ﬁ] is maximum
22

then find the value of |z, - z,|.

AT z, 3R 2, J1 APAH T & Sl |2 — 3 — 4i| = 3 BT AT el & qAl Arg(i—‘)aﬁéw%?ﬁ

2
|z,— z,| @1 A ST BT |
2
5

Ans.

|z—3—4i| =3 represents a circle in argand plane; with centre (3, 4) and radius = 3. If Arg [iJ is

22
maximum then z, and z, must be the vertices of the chord of contact corresponding to the tangents
drawn from origin.

(0,4)

I\
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Complex Number “_

Hindi

15.

Ans.
Sol.

Then |z, — z,| = length of chord of contact in the given figure tan6 = % and OA = 4 then |OD| = |OA|

cos6 and |AD| = |OA| sin6
So length |AB| = 2|OA] . sin6

:240§

5

=ﬁunit.
5
|z-3-4i=3 U g1 8 e &= (3, 4) den Brean = 3. afe Arg[?jaﬁ?ﬁﬂéﬁ;ﬁ'\’ z, 9 fag
BRCIETRIE RS IRCI S U R NI IR L

(0.4)

O
O Jz, — 2, = o T Forr o el v ) e, tanezg gk OA = 41 [OD] = |OA] cost

IR |AD| = |OA| sin6
31 |AB| = 2|OA| . sin6
=240§
5

_&
5

If z, and z, are the two complex numbers satisfying [z — 3 — 4i| = 8 and Arg(ﬂ] =g then find the
Z2

range of the values of |z, — z,|.

S z, AT 2, &1 A FAY & SN [z — 3 — 4i| = 8 BT I HRall a2l Arg[i]=g al |z, —z,| &1

Z2
IRER =1d HINY |
[fﬁ?-ajﬁﬁ+5]

|z-3-4i|=8

Let|z,—z,|=2¢

(3,4)
- 5/2

locus of mid point of chord (k—3)2+ (k—4)2+hk? =64 = 2x? + 2y2—6x -8y -39 =0

I\
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Complex Number “_

9 ,. 78 _ \/87+16 _ 103, _[4i03_5 \/103+§}

:>X2+y2_3)(_4y—%=0:>r=\/—+4+ 4 2 2 2 2 2

4 4
2/ ¢ [M—&Ww]

16. If |z—2z,|=|z,]and |z—-z,| =|z,| be the two circles and the two circles touch each other then prove that

Img [ij =0
22

A TH |z -2 = |z, A |z—2,| = |z,| I T T TN I g Vb SR P W I g, A g fbiorg

Sol. |z, - Sl orz, =z, =z,| + |z

Arg [ij =0,%tm
22

Im[iJ=O
22
pqr
17. If |g r p| =0; where p, g, r are the modulus of non-zero complex numbers u, v, w respectively,
rpq
w w-u)
prove that, arg — = arg ( ] .
v v-u
p qr
ae [gq r p| = 0, R R AHH HERN u, v, w & HUH HAW p, q, r B
rpqg

fig FIfce & o % = PIIh (w—uj .

v-u
Sol. 3par—-p*-qg*-r’=0
= p=q=r (- p+g+r=0)

uf = [v| = |w|
CW

w w-—u w—u)’
arg (—J = 2arg( j = arg( j
v v—u v—u
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Complex Number “_

18.

Ans.
Sol.

19.

Sol.

I\

If |z, + iz,| = |z,| + |z,| and |z,| = 3 & |z,| = 4, if affix of A, B, C are z,, z,, (@j respectively. Then
—i
find the area of AABC
AR |z, + iz, = |z, + |2, R |z, =3 & |z,| = 4, 79 A, B, C B ¥¥ & z,, 7,9R (@j ¥ @ AABC
—i
BT &ABe Fd DI |
25
4
|z, +iz,| = |z,| + |z,
= arg(iz,) = arg(z,)

= arg(z,) —arg(z,) =

N3

z,= % = (1-i)z,=2,—iz,
(z,—2) =i(z, - z))
ZACB = g & AC = BC

5

ﬁ ( e

.BC

AB2 = AC? + BC? = AC = AB = 5)

O

Area of triangle of ABC &1 &%l =

1
2

PQ|,. =L({ILR)=10

Find the locus of mid-point of line segment intercepted between real and imaginary axes, by the line
az+az+b=0, where ‘b’ is real parameter and ‘a’ is a fixed complex number such that Re(a) # 0,
Im(a) # 0.

%@g)a2+éz+b=0 gRI ddfdd Ud PIAd & & A de gy v & 7 g &1 fIguy =
IR | ST ‘b’ U dRfdd UTdel & 3iR ‘a’ Udb 9d affis i 39 e 2 f& Re(a) = 0, Im(a) # 0.
Ans. az+az=0

a=a, +a,

equation of line X1 &1 FHPRT (@, + a,i) (x —iy) + (@, — a,i) (X +iy) + b =0

2ax+2ay+b=0

b
ax+ay+ EZO

&

(x,y)
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Complex Number
2y = — L
2a,
X_38
y &
ax—ay=0
Z+7Z
X =
2
_ z-Z
Y=

20.

Sol.

a,(z+z)+a,i(z—z)=0
(a, +a,i)z+(a,—a,i)z=0
az+ az=0

Givenz, +z, +z3=A, 2, +Z, ® + Z; ®® = B, Z, + z, ®® + Z; ® = C, where o is cube root of unity,

(a) express z,, z,, Z5 in terms of A, B, C.
(b)  prove that, |AR+ B+ ICP =3 (|2, [ + |z [ +|z ).
(c) prove that A3 + B3 + C3 — 3ABC =27z, z, 7,

=) TRIIT%21+22+23=A,Z1+2203+23c02=B,Z1+22co2+23m=C,G|30miﬁgﬁw%,ﬁ

(a) 2,,25,2,®1 A,B,C® Ul ¥ ga HIfoY |

) g @ (AL« B + |Cf =8 (|z,[ +|z[ +|z[).

(c) g HIfSTY, A3 + B3 + C3 - 3ABC = 27z, 2, 2,

_A+B+C y _ A+Bo’ +Co 5 A +Bo + Co®
S 3 o 3

(a) Add the given results we get
3z, +z,(1+0+0?) +Z5(1 + o + ) =A+ B+ C

_ A+B+C

‘ 3

Isty multiply 2" & 3 relation by o? & o respectively and then add in Is relation we get

, - A +Bo® +Co

Ans. (a) z,

= V4

2 3
And z, = A+Bo+Cao®
3
(b) AP =(z,+2,+2) (Z,+Z,+2;)
=z P+|zP+|2,P+ 2,2+ 2,2, + 2,2, + 2,2, +2,2; + 2,2,
BI2 = (2,4 Z,W + 2,0?) (Z; + Z, 0+ Z, ®) (v ®=coand (0? = o)

=z, P+ 2P+ |Z,P + Z,Z,0°+ Z,Z,0 + Z,Z,0 + Z, 2,07 + Z,Z,0 + Z,Z,0?

similarly |C|?2 can be obtained

so AR + |B2 + |CP = 3(|z, ]2 + |,/ + |,?) (1+0+e?=0)

(c) multiply z,, z,, z, we get
| A +B° +C° —3ABC = 272,2,2,

Hindi. (a) X3 ™ aRomdl &1 Sres wR

I\

3z, +z,(1+ 0+ 0?) +Z5(1 + o> + ©) =A+ B+ C
A+B+C
zZ,=———
3
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Complex Number “_

21,

Ans.
Sol.

Hindi.

22,

Sol.

A +Bw? + Co

20 T 39 Pl o? Td o A O B R AT Yo Hey H e WR z, = Twﬁfﬂ%asn
_ A+Bo+Co’
1 3
(b) A2 =(z,+2,+2) (Z,+2, +Z,)
=z P+ 2P+ 2P+ 2,2+ 2,2, + 2,2, + 2,2, +2,2; + 2,2,
[BI? = (z,+ Z,W + 2,0%) (Z; + Z, ®®+ Z; ®) (v ® =w?and (o° = o)

=2, P+ |z, + |22 + Z,2,0°+ Z,Z,0 + Z;Z,0 + Z, 2,07 + Z,Z,0 + Z,Z,
s UBR |C]2 uT farar S Adbar 2|
3 |AR + B2+ [C]2 = 3(|z,]2 + 2,2 + |z,]?) (1+o+a=0)
(C) Z,, 2,, 2, B oM BT W | A° +B° +C° —~3ABC =272,2,7, |

n-1
If w = 1 is nth root of unity, then find the value of Z |z, +W" 2z,
k=0

afe w1 3HS BT ndi o B, o n21|z1+wk z, > &1 A S B |

k=0

|2

n(z4[? + [2,/?)
Zy + 2% + |2y + Z, W% + |2, + Z,W22 + |24 + Z,W32 + ... + |z + W1 Z,)2
Consider |z, + Z,WK[2 = (2, + Z,WK) (Z, +2Z,W") = (2, + Z,W¥) (Z, + Z, W)
= |42 + |2, WK2 + Z,Z, WK+ 2,2, W" = |2, + |2,)2 + Z,Z, WK+ 2, Z, w"
n-1
= Z|z1 +WEZP=n (2P + |2, + Z,Z, (1T + W+ .. W) +(2,Z,) (1+W+...+w") (1)
k=0

= n(jz;[2 + [z, (- 1 MR WE R Wit o)
1z + 2,7 + |2y + 2, W% + [z, + Z,W2[2 + |24 + W32 + ... + |z, + T Z,)2

|2y + ZyWK2 = (2, + Z,WK) (2, +2Z,W") = (24 + Z,WX) (Z, + Z, W)

=2, + 2,2 WK]2 + Z,2, WK+ 2, Z, W" = [2,2 + |22 + Z,Z, WK+ 2,2, W

n-1
= Z|z1 +WEZ=n (2P + |2, + Z,Z, (1T + W+ .. W) +(2,Z,) (1+W+..+w") (1)
k=0
=n(|z412 + |z,/?) (v 1+w+w2+ ... +wr1=0)
Let a, b,cbedistinctcomplexnumberssuchthat1ab=1b =1C =K, (a, b, ¢c # 1). Find the value
- -c -a
of k.
AMIF a, b, ¢ == affas dwa 39 yaR 8 f& 1ab=1b =1C =k, (a, b, c = 1).
- -C -a
9 k BT A1 A1 DI |
Ans. — o or (AT) — w?
a _ b _ ¢ _k
1-b 1-c 1-a
a=k-Dbk b=k-kc c=k-ak
= a=k - (k?-k2)
a=k—(k®—(k®—ak?)]
a=k—-k*+kd-ak®
ak®+ 1) =k[k?—k + 1]
(ak +a—k) (k*-k+1)=0

/\
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Complex Number

Hindi

23.

Sol.

Hindi.

k= — or kk—k+1=0

K=—0,—0? andk= % is not possible
-a

Hence Proved.

a b ¢

1-b 1-¢c 1-a

a=k-Dbk b=k-kc c=k-ak

= a=k-(k?-kx)
a=k—(k¥-(k®—ak?d)]
a=k-k?+k?—ak?
akd + 1) = k[k2 —k + 1]

(ak +a—k) (kk=k+1)=0

k= 2 A ke—k+1=0

a—-1

=— o, — ® HWK:LWW%I

1-a
i RigH

2mi

e 20
lfoa=e” andf(x) =A, + ZAKXK , then find the value of,
k=1

f(x) + f(ax) + ..... + f(ax) independent of a.
2mi

afd a= e’ qATf(x) A+ZAX , @ f(X) + f(0X) + ..... + f(0fX), BT o F G AF A B |

Ans. T7A +7A X+ 7A14X14
20

f(x) = Ay + D AX"
k=1

=A +AX+AX+ .. + A X2

flax) = A, + A.a.X + A.02.X2 + ...... + A,,.020.x20
flox) = Ay + Aj.o?X + Ajotx® + ... + A,,.040.x2%0
flo'x) = Ay + Aj.obx + Aja2X% + ... +A,,. a2, x20
= f(x) + f(ax) + f(a?x) + .... + f(ax)

=7A + AX (1 4+ o+ 02+ ..+ 08) + AXH(T + 02+ at+ .+ al?) + .+ AXP(1 + 020+ oo+ ...

We know
7 ; if p is multiple of 7

; if p is not a multiple of 7
sum =7A, + 7A X" + 7A, x'* Ans

20
fx) = A+ O AXE
k=1

1+oP+0®+...+0%= {0

=A, +AX+AXZ+ ... + A, x20

flax) = A, + Aox + Aa2x2 + ... + A, x20020

flo2x) = Ay + AoX + Aofx% + ... + A, X204

flafx) = A, + Aax + A,a’x? + ... + A, X200 120

= f(x) + f(ox) + f(a?x) + .... + f(a%)

=7A + AX (T4 o+ 02+ .+ 08) + AXHT + 024 at+ o+ al?) + o+ AXP(T + o2+ o+ ...
Sl S %

+ alZO)

+ (-XIZO)

I\
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; AR p, 7H IO 7|
0 ;3R p, 7% T Tz
SN = 7A, + 7AXT + 7A, X' Ans

1+oP+0®+ ... +0%=

24, Given, z = cos 2n +isin 2n , ‘" a positive integer, find the equation whose roots are,
2n +1 2n +1
a=z2+2+ ... +z2-tand B =2z2+2z*+ ..... +z2n,
%mw%,z=c0322n1 +iSin22n1,'n'€Fﬂ_ﬂ—65c quries &, A FHIER Fd g, e g
n+ n+
a=z+2+.... +Z2TAAPB =22+ 2% + ..... + 208
2
Ans. Zz2+z+ Elimi =0, where 0 = B
sin® 0 2n+1
Sol. o+B=z+22+2%+ ..... + 2> + 1 -1 = (sum of (2n + 1)* roots of unity) -1 =0 -1

o= (cos 0 +isin 0) + (cos 30 + i sin 30) + ..... + [cos (2n—1)6 + i sin (2n—1)6]
= [cos 6 + cos 360 + ..... + €os (2n—1)0] + i [SinO + sin36 + ... + sin(2n—1)0]

cos(9+(n_1) - ZBJSinn.26 isin{6+(n_1) - Ze}sinn-26
2 2 2 2

+ = [cos nO + i sin ne]&ne
sin@ sinﬁ sing
2 2
v p = [cos(n-+No-+isin(n-+1)o] SN0
sin©
) 12
so op= 119 oos2ne1)0 +isin (2n +1)0) = 3110 (~ (2n+1)6=2n)
sin“ 6 sin“ 0

sin® 0

Hindi. a+B=z+22+2+...+22+1-1=(SHE & (2n + 1)" Jai &1 AM) -1 =01
o = (cos 0 + i sin 6) + (cos 36 + i sin 36) + ..... + [cos (2n—1)6 + i sin (2n—1)6]
= [cos 6 + cos 30 + ..... + cos (2n—1)0] + i [Sin6 + sin36 + ... + sin(2n—1)0]

cos(9+(n_1) . 29jsinn.26 isin{9+(n_1) . Ze}sinn-26
2 2 2 2

sinnd \’
So eq" 22+Z+( j =0

= + = [cos nO + i sin ne]&ne

sin@ sinﬁ sing

2 2
v p = [cos(n+1)-+isin(n+1)e] SN0
sin®

) 2
s op= 9 oos@ne1)0 +isin (2n +1)0) = S0 1Y (v (@n+1)0=2n)

sin“ 6 sin“ 0

. 2
3rct: AHIDRT 22+Z+(Sl.n_£19j =0
sin“ 0

25. Prove that cos 2n + cos 4m + COS 6 +..en + COS anm = —— When<id n e N.
2n +1 2n +1 2n +1 2n +1 2

yefdig Hifoe fe 2n + COS am + COS 6n +..o.. + COS 2nmn =—lG{E[neN.
2n +1 2n +1 2n +1 2

2n +1
Sol. cos 20 + cos40 + ........ +c0s2n0;0= i
2n+1
= Real part of [(cos 26 + i sin26) + (cos 40 + i sin40) + .......... + (cos 2n6 + i sin2n0)
= Re [(c0sO + i SinB)2 + (COSO + i SINO)* + ......... ]
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Complex Number

26.

Sol.

I\

1—

(cos 0 +ising)™

= Re {(cose +i sing)? { p

=Re [(cose +i sin@)® {

|

—(cos 0 +isin®)?

1—cos 2n6—isin2n®
1— cos26 — isin26

2sinn6.[sinnb —icosno]

Re {(cose +ising)® {

Si

I

2sinB[sin® —icos 0]

nno [cosno +isinnb]

= Re (cos6+isin6)? {

sin®

|

(cosO +ising)

=Re [% (cosH+isinB) (cosnO+isin ne)}
i

= {Sm, necos(n+1)e}
)
= sin (2n + 1)0 + sin(- 6
2sin6[ ( ) (- 0)]
=-% [ sin@2n+1)6 =sint=0]
P T kn 2k +1
Proof that 1§ ®IfSTT (i) sin sin——........ =
() 2k+1  2k+1 2k +1 2k
.. o 2n krn 1
(i) cos——cos——........ =—
2k +1 2k +1 2k+1 2
Xn _1 iﬁ iﬂ i 2(n-1)n
(i) =[x—e”](x—e”} ...... (x—e n ]
x—1
Xn Iﬁ iﬂ i2(n—1)n
= lim =[1—e”J[1—e“] ...... (1—e n J
x->1 X —
2r . . 21 4t . . 4xn 2n—-1Nx . . 2(n—"1)=x
= n=|1-cos— —isin— || 1-cos— —isin— |....| 1-cos ———— —isin———
n n n n n n
= In| = |2sin? = —2isinZcosX|...... 23in2M—Zsin(n_1)ncos(n_1)n|
n n n n n |
_ _i® _j2m _j(n=D)m
= (Zsinfj(Zsin@J ..... (ZSinM) e"jle " ... @ ‘
n n n
. T . 21 sin(hn—N)t n
= sin—sin—....... —_— =
n n 2
put  x=2k+1weget¥&@d W
.o .2 2k 2k +1
sin sin——.......
2k+1 2k+1 2k+1 2%
T ke ¥ 2k+1
= sin——sin——....... =—
2k+1  2k+1 2k +1 2
= sin—"_sin e . sin kn = /2K +1
2k+1  2k+1 2k +1 2
Xn -1 i& Iﬂ |2(n71)1[
(i) =[x—e”j[x—e”} ....... [x—e n J
x—1
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Complex Number “_

0 2n 4n 2(n-1)z
put x=-1 &I W :L=(—1—e"][—1—e"] ..... [—1—e n J

2 A Ak
put n=2k+1 &I R :1:(—1—e2k+1J[—1—e2k+1J ..... [—1—e2k+1J

2 2k in 2in i2km
= 2c0s—~ 2c0s—2_|...... 20051 |2kl g2kl @2k+1 —{
2k +1 2K +1 2K +1

= 22| cos —— || cos =—— |....... s KT 4 %1 x1=1
2Kk +1 2k +1 2K +
T 2n kr ) 1 s 2n kn 1
= cos COS———....... cos =—c = CO0s COS——— ... cos = —
2k+1  2k+1 2Kk +1 2 2k +1 2k +1 2k+1 2
27. IfZ ,r=1,2,3,...,2m, m € N are the roots of the equation

1
Z,-

gfe qHPRO Z2m 4 72t 4 Z2m2 +Z+1=0% 9 Z,r=1,238, ......2m,m e N & @
2m 1

%@aﬁmﬁszz—rm
r=1 -

r

2m
Zem g Zemt gy Zem2 g +Z +1 =0, then prove that >’ =—m
r=1

Sol. zZm+z2m-1 ... +z+1=0
1

X= ——

z-1

1+ X
zZ= ——

X
2m 2m—1
_+Xj +(_1+Xj .......... [_“X] 1-0
X X X
(1 +x)2™+ (1 + x)2"='X ......... (1 +x)x2m-14+x2m=0
Now 379 X = 1
z, —1
2m 2m _ 2m -1
N z 1 _ . coff of x2
o Z -1 & coff of x"
_(@m+@m-1N+...1) _ 2m(2m+1)
- (2m +1) ~ 2(2m+1)
=-m Hence Prove 37a: g gai |
28. The points represented by the complex numbers a, b, c lie on a circle with centre O and radius r. The
-1 -1 A=t
tangent at ¢ cuts the chord joining the points a, b at z. Show that z = ajbt:—%(:
a -C

A Al a, b, ¢ R o fawg, g9 R e O e e rg, W Red 81 g ¢ w & 78
el Y fagail a, b @) e e St @1 2 wred 8, ) R A 2= & 0“2

a'b'-c?
Sol. la]=|b]=|c|=r
z, a, b are collinear
z z 1
aal|=0
b b 1
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2 2 2
= z(r———]—i(a—b) (i-ﬂ} aa=r)
a b a
2 2 2
& Zih-aer-z(a-b+E P g
a ab
= zZ+ Eé:—zb—(a+b)=0 (1)
Sum of complex slope = 0
Ao 27,870 4 = Cz—|c2+czZ —|c|2=0
Z-C c-0
_ _ _ r’z
= cz =2[cf-cz=> czZ =2rP—— el =r
c
2, .2
or z=2rc—2rz .(2)
c
so by (1)
2+ab% =% _(aip)=0
c
2 _ -1 -1 -1
- c(a+2b) 2abc _a _J:b_1 2_(2: HPp.
c-—ab ab' -c
lal = |b| = |c| = r
z, a, b IXE
z z 1
a a 1|=0
b b 1
=N z(a-b)-Z(a—b)+ (ab-ab) =0
2 2 2 2
= 2 C-B)-zan)e {220 az =1
a b b a
2 12y 2
S Zip-ap-za-b+ BN _4
ab ab
= Z+ 2?—?—(a+b)=0 (1)
[ffsT gaurdT &1 ART = 0
z-¢ c¢-0 _ — | _
: - + = =0 = cz-|cf+cz—|c|2=0 czZ =2|c2-cz
T == o2 +c Z ol o
2
= cz =22 wlel=r
c
2, .2
T z-2e-re (2
c
(1) 9
2+ab @22 _(aip)-0
c
2 _ - -1 -1
5= c(a+2b) 2abc _a jb_1 2_(2: HPp.
c-—ab ab'-c
®
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Complex Number “_

29.

Sol.

Hindi

30.=

Sol.

Show that for the given complex numbers z, and z, and for a real constant ¢ the equation
(zy +AZ,)z+(Z, +AZ,)z+c =0

represents a family of concurrent lines and and also find the fixed point of the family.

(where A is a real parameter)

geisy f ) T Afts Sl z, ok z, 3R Ue arfds Fradie ¢ @ fau g dEl Y@el @ e

BT FHIHRT (2, +22,)Z+(Z, +1Z,)z+Cc =0
T wRar & 91 59 Mo & S 9 @1 9| Sif | (S8 A Ikfds iad 8)
cz
Ans. z=—"2
2,2, - 2,2,
(zy+AZ,)z+(Z, +AZ,)z+c =0 (1)
= (z,z+zz+C)+Mzyz2+2,2) =0

if A can take any real value then

= z,z+zz+c and z,Z+2z,z. must be zero
= egn. (1) represants a family of concurrent lines which will always pass through the point of
intersection of
z,z+2z+c=0
Eresrems . 2)
2,2+ 222=0
= 2= is the fixed point.
2,2, — 2,2,
(zy+Az,)z+(z, +AZ,)z+c =0 (1)
= (zz+zz+C)+M2z,2+2,2) =0

afg A &1 ardfds A &,
2,2+7zz+C¢ 3R 2,7 +2,z YA B |
FHIBROT (1) TR @13l & b $I UaRid HRa1 3 Sl b gHen 9 3@l & ufiees fag 4

BIHY oIl © |
z,z+z,z+c=0 @)
z,z+z,z =0 7
cz,
z=—"2 _ Rer g 3|
2,2, — 2,7,

Let z, , z,, z, are three pair wise distinct complex numbers and t,, t,, t, are non-negative real numbers

such that t, + t, + t; = 1. Prove that the complex number z = t,z, + t,z, + t,z, lies inside a triangle with

vertices z,, z,, Z, or on its boundary.

qE 2, , 2, , 2, 9 JH ©U H -4 A8 =N 8 TA 1, 1, t, SPRITHS AKAAD TN 54

THR 8 b t, +t, +t, = 1. Rrg DI & Affasr &= z = t,z, + 4,2, + t,z, Wb B e A 2, 2, z,
B 3R AT SD! IR (boundary) TR Rerd B |

toz, +1325

(Internal division)
ty +15

Affixes of a point D which divides z, , z, intheratio t, : t, is

Affies of a point E which divides. AD in the ratio

- Yzy+ oz + a2
(t,+1,):tis | 222 33
ty+t, +15

] (Internal division)

Azy)

B(z.) C(z,)

t, Dt
Hence E always lies in or on the AABC

I\

Q ® | Corporate Office: CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
esonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow |75 Free : 1800 258 5555 | CIN: US0302RJ2007PLC024029




Complex Number

Hindi z,,z, ® A arell @1 @1 t,:t, § AT &= arel fag D& fcdeis
1o + 132 (3r=r: fawToT )

27 73

t, +13

AD &1 (t, +t,) : t, & fauifora &= aret

B(z.) C(z,)

t, Dt

fog Eo e {t‘z1 L +t3sz (3 fawreT)

ty+ts +15
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